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Preface

At the turn of the 20" century there were two revolutions that shook the foundations of
what is now called classical physics: relativity and quantum mechanics. Of these two the
latter is several orders of magnitude more revolutionary.

It may be true that relativity shook a lot of the biases of Newtonian physics. Time was
no longer absolute but instead it was the speed of light that was absolute. Simultaneity is
relative and only time-like separated events have a causal order. With general relativity
gravity ceases to be a force and becomes attached to the geometry of spacetime which
therefore becomes dynamical and changing. Seems pretty revolutionary.

Nevertheless, the basic structure of physics was left unchanged: we have to set up
initial conditions such as the particles initial position and velocity, and then we solve its
equations of motion fully deterministically. Sure, we might have to deal with fields instead
of particles, and perhaps even spacetime curvature. But, even with time being relative, even
with dynamical spacetime curvature, the fundamental equations can be summarised as an
(admittedly terribly complicated) initial value problem. Further, the act of measuring can
be assumed to be negligible and doesn’t need to be included in the fundamental description
of the theory. Measuring the position of Mercury with a telescope for sure won’t change its
trajectory, and despite the incredible amounts of noise and the precision required for the
experiment, the same is true for gravitational waves. And finally, we can measure any two
observables with arbitrary precision, knowing Mercury’s position has no bearing on how
precisely we know it’s velocity.

For quantum mechanics, none of the above is true. The theory at its most fundamental
is probabilistic, we cannot determine the outcomes of experiments with certainty, only their
probabilities. Measuring an observable disturbs the system under study significantly and
greatly affects the outcomes of future measurements. Some observables cannot be known
with infinite precision at the same time, there is an absolute and fundamental limit to the
combined precision of certain measurements.

These features are so untenable, so vile, that in the century since its discovery many and
many physicists have tried to find flaws in quantum mechanics. Surely our description is
incomplete or flawed in some way, right? For over a century people have been so sceptical of
quantum mechanics that they still try to find loopholes and interpretations and alternatives,
desperately trying to show that it is somehow wrong or incomplete. And yet, despite
its abhorrent features, Quantum Mechanics holds supreme, predicting the results of the
experiment with an astonishing level of accuracy.

The computer you are probably reading this on relies on transistors which themselves
rely on quantum mechanics. The smell of the mug of tea, or coffee, or hot chocolate you are
probably holding also relies on quantum mechanical processes in your nose. Every time you
witness a chemical reaction you are witnessing quantum mechanics. Quantum mechanics
is everywhere, it is the language of Nature. Whether we like it or not, it is here to stay.
Now it is your time to learn it.

Despite all of this, quantum mechanics can be understood. In fact, it is not even that
complicated to understand. The complicated part is to do away with our intuition entirely
and treat it as a wholly new thing. It is not quantum mechanics which is confusing it is
our biases as to how Nature should work that make it confusing.

The approach in these notes will be quite unconventional. Rather than following the
traditional approach of Schrodinger and his wavefunctions we will instead follow a route
closer to Dirac and Feynman, first treating discrete systems and only later dealing with the
continuous case. After dealing with the quantum kinematics we delve into the dynamics



keeping Schrodinger and Heisenberg’s approach on equal footing, immediately using them
to understand how symmetries can help us solve quantum mechanical problems. We then
go on to solve several of the simplest 1-dim examples: the free particle, piecewise constant
potentials, and the harmonic oscillator. After this we tackle the topic of central potentials
and rotational symmetry in 3 dimensions, introducing the quantum version of angular mo-
mentum, both orbital and spin. We end with a treatment of the measurement problem,
following Sidney Coleman’s perspective that it is not quantum mechanics that needs in-
terpretation but classical mechanics that needs to be interpreted within the framework of
quantum mechanics.

This text was written to cover the bare minimum of quantum mechanics necessary
to start learning quantum field theory. We have skipped a lot of the topics which, while
important, would either not be strictly necessary or would need to be re-derived in the rela-
tivistic context. This is why we have omitted time-independent perturbation theory, which
is usually covered in the first course on quantum mechanics. What is covered should be suf-
ficient for a 1-semester course on quantum mechanics if supplemented with an introduction
to time-independent perturbation theory.

The mathematical pre-requisites are linear algebra, complex and vector calculus, and
Fourier analysis. Distribution theory and group theory are welcome but not essential.
Physically we will very often rely on the Hamiltonian formalism of classical mechanics and
Poisson brackets, and it is also assumed one has seen classical wave mechanics, including
diffraction and evanescent waves. Electromagnetism will be occasionally useful but the
necessary tools and concepts will be introduced as needed.

Joao F. Melo, 2025



An Invitation

As with any subject, the history of the discovery of quantum mechanics is complex. There
were many hints that there was something deeply wrong with classical mechanics, from the
spectrum of black body radiation to the emission spectra of atoms. All of which suggested
different aspects of what would become the theory of quantum mechanics. It is usually
wise to avoid the history of physics in great detail, otherwise we would waste a lot of time
describing uninformative dead-ends. Nevertheless, it is worth it to know what were the
problems our theory is meant to solve, to have something to aim for. That is the objective
of these two chapters. We will narrow our focus on the nature of the atom and the electron
as these not only highlight some key features of quantum mechanics but they will be fully
explained by the end of this volume. The same would not be true of the theory of photons
and radiation as that requires more advanced techniques beyond the scope of this text.

1 The puzzles with atomic theory

From the ancient Greek dtoyov meaning “uncuttable”, the atom has been theorised as the
fundamental, indivisible, constituent of matter for millennia. These ideas became scientific
in 1804 when John Dalton (Fig. 1.1) proposed the law of multiple proportions, realising
that in chemical reactions the ratios between the different elements involved were small
whole numbers. This suggests that each element corresponds to a different atom, and each
molecule to a specific arrangement of these atoms. Although a topic of great contention,
by the end of the 19*" century the atomic theory was widely successful, being capable to
explaining several properties of chemical reactions and classical thermodynamics, serving
as the basis for statistical mechanics and kinetic theory. The theory of the atom is so
important that Richard P. Feynman (Fig. 1.2) in his famous lectures stated

If, in some cataclysm, all of scientific knowledge were to be destroyed, and only
one sentence passed on to the next generations of creatures, what statement
would contain the most information in the fewest words? I believe it is the
atomic hypothesis (or the atomic fact, or whatever you wish to call it) that all
things are made of atoms—Tlittle particles that move around in perpetual motion,
attracting each other when they are a little distance apart, but repelling upon
being squeezed into one another.

Nevertheless, as with many other things, the turn of the century proved to be quite
challenging.

1.1 The electron and the nucleus

The first hint was the discovery that the atom is in fact not indivisible. In 1897, J. J.
Thomson (Fig. 1.3) managed to show that cathode rays were in fact made up of tiny
negatively charged particles around 1 800 times lighter than hydrogen. These rays are

1Picture by Thomas Phillips - National Portrait Gallery, London, Public Domain, https://commons.
wikimedia.org/w/index.php?curid=11727058

2Picture by The Nobel Foundation - http://www.nobelprize.org/nobel_prizes/physics/laureates/
1965/feynman-bio.html, PD-Sweden, https://en.wikipedia.org/w/index.php?curid=34664654
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Figure 1.1. John Dalton FRS!
Born: 1766 Eaglesfield, Kingdom
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Died: 1844 Manchester, United
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Ireland

Figure 1.2. Richard Phillips
Feynman?

Born: 1918 New York City,
United States of America

Died: 1988 Los Angeles, United
States of America

Doctoral Advisor: John
Archibald Wheeler
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produced when a large potential difference is applied between two electrodes in a vacuum
tube, Fig. 1.4.

Replica of the gas discharge tube with which
Thomson discovered the electron, made by

Richard Smith, o former glass-blower in the
Cavendish Laboratory,
o

Figure 1.4. J. J. Thomson’s experimental setup. There is a cathode on the right and anode on
the centre with potential difference high enough that an electron is emitted from the cathode, it
will traverse the whole tube hitting the glass on the left causing a bright glow. The plates on the
centre left also have a potential difference among them that creates an electric field which deflects
the electron. By measuring the amount of deflection We can determine the charge-to-mass ratio
of the electron.*

Beyond being far smaller than atoms, these particles had the same mass-to-charge
ratio no matter the material that made up the electrodes or the trace gas in the tube.
Furthermore, in 1899 Thomson showed the particles produced by shining ultraviolet light
on a metal, called the photoelectric effect, had exactly the same properties. They must be
universal constituents of atoms themselves. Due to their electric charge and their role in
ordinary electric current, they were named electrons. The approximate values for its charge
and mass are®

me &~ 9.109 x 107*! kg ~ 511 keV /c? (1.1)

—e~ —1.602 x 1079 C

The atom was not indivisible after all as it must contain electrons in it. Because atoms
are neutral, Thomson envisioned the atom as a sphere made up of a positively charged fluid
inside which resided the electrons, bound by electromagnetic forces. Most of the mass of
the atom lay in this fluid whose properties were unknown. This model had the immediate
success of being able to explain ions as atoms that either were stripped of electrons or
gained extra electrons.

Despite its success this model was short-lived. 10 years later Ernest Rutherford (Fig.

3Picture by Not Mentioned - FirstWorldWar.com, Public Domain, https://commons.wikimedia.org/w/
index.php?curid=2969861

4Picture by Rolf Kickuth - Own work, CC BY-SA 4.0, https://commons.wikimedia.org/w/index.php?
curid=103442270

5We define e to be positive so that the charge of the electron is —e. Further, because every charge
comes in integer multiples of the electron charge, the modern SI unit system defines the Coulomb via the
value of the charge of the electron. So, in fact, we can say that e = 1.602 176 634 x 10~1° C, ezactly.

6Picture by Bain News Service, publisher. Restored by: Bammesk - Library of Congress Cata-
log: https://lccn.loc.gov/2014716719. Image download: https://cdn.loc.gov/service/pnp/ggbain/
36500/36570v. jpg. Original url: https://www.loc.gov/pictures/item/2014716719/. Public Domain,
https://commons.wikimedia.org/w/index.php?curid=112190894
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Figure 1.3. Sir Joseph John
Thomson OM FRS?

Born: 1856 Manchester, United
Kingdom of Great Britain and
Ireland

Died: 1940 Cambridge, United
Kingdom of Great Britain and
Northern Ireland

Academic Advisor: Lord
Rayleigh

Figure 1.5. The Right
Honourable Ernest Rutherford
The Lord Rutherford of Nelson
OM FRS HonFRSE®

Born: 1871 Brightwater, Colony
of New Zealand

Died: 1937 Cambridge, United
Kingdom of Great Britain and
Northern Ireland

Academic Advisor: Alexander
Bickerton, J. J. Thomson
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1.5), a student of Thomson, was trying to measure the charge-to-mass ratio of alpha parti-
cles. These were had been discovered by Rutherford himself in 1899 as the product of the
decay of certain radioactive materials. In 1906 he had managed to deduce they were essen-
tially helium stripped of two electrons (at the time they did not know how many electrons
atoms had), and in 1908 together with a post-doc, Hans Geiger (Fig. 1.6), and an un-
dergraduate student, Ernest Marsden (Fig. 1.7), he wished to calculate its charge-to-mass
ratio.

The issue with this experiment was that these alpha particles kept being deflected by
the air, which rendered the experiment useless. This was a big puzzle because they though
alpha particles would have been big enough to avoid these problems. To set things right
they tried to scatter alpha particles off of a thin sheet of gold. This way they could test
how far would alpha particles travel through matter and how its scattering would depend
on the material and its thickness. The results of the experiment were so confusing that
Rutherford suggest looking for large angle scattering even if they were not expecting any.
What they witnessed was that some of the alpha particles were not only scattered at large
angles but were reflected backwards! Rutherford himself commented on the surprising
results by saying “It was quite the most incredible event that has ever happened to me in
my life. It was almost as incredible as if you fired a 15-inch shell at a piece of tissue paper
and it came back and hit you.”

Let us put some equations to this scattering experiment so see what kind of particles
could be responsible for such a reflection. Let m, be the mass of the alpha particle, v,
and v/, its initial and final velocities, m and v the mass and final velocity of the particle
that was hit. Conservation of momentum and energy gives us

MaVo = MU 4+ My .

A 1.3
1 1 1

§mavi = §mv2 + §mav;2 (1.4)

Eliminating v we get a quadratic equation for v/, /v,, the two solutions are v, = v/, which
is not relevant and

, m— Mq
Vy = —Vg——

o 1.5
m + Mgy ( )

The only way that the final velocity can be negative is if the particle that was hit
was heavier than the alpha particle itself. The electron would not do. We also have a
constraint on the size of these particles. In order for reflection to happen we would need
a turning point where all of the kinetic energy of the alpha particle was converted to
potential electrostatic energy. The charge of the alpha particle is +2e, taking the charge
of the scattering particle to be Ze we must then have

1 2e-Ze
v prnd
2 ¢ dmey 1

(1.6)

Plugging in the mass of the alpha particle, and considering the incident velocity was v, =
2.09 x 10" m s~! we find
Ze?

r=——o
TEYM V2

~3Zx107% m (1.7)

which, even for fairly large Z, like Z ~ 100, is still orders of magnitude smaller than the
size of a gold atom which is ~ 10719 m.

"Picture by Unknown author - http://wal.nbed.nb.ca/sciencesettechnologies/pierrebrideau/
geiger. jpg, Public Domain, https://commons.wikimedia.org/w/index.php?curid=34187140

8Picture by S P Andrew Ltd. - http://mp.natlib.govt.nz/detail/?id=27055&1=en, Public Domain,
https://commons.wikimedia.org/w/index.php?curid=34174345

The electron and the nucleus

Figure 1.6. Johannes
Wilhelm “Hans” Geiger’
Born: 1882 Neustadt an der
Haardt, German Empire
Died: 1945 Potsdam,
Allied-occupied Germany
Doctoral Advisor: Eilhard
Wiedemann

Figure 1.7. Sir Ernest
Marsden CMG CBE MC FRS®
Born: 1889 Rishton, United
Kingdom of Great Britain and
Ireland

Died: 1970 Wellington, New
Zealand
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Whatever was scattering the alpha particles must have a mass similar or larger than
atoms but be several orders of magnitude smaller in size. Rutherford concluded that this
was a hitherto unknown nucleus of the atoms. This nucleus would be positively charged,
contain most of the mass of the atom, but be very very small. The electrons would then
orbit this nucleus like planets orbit the sun. Most of the atom would just be empty space.
The Thomson model with the positive charge evenly dispersed throughout the atom cannot
explain these scattering experiments.

This new model also came with new successful predictions. The charge of the nucleus
was much better at organising the elements in the periodic table than the mass of the
atoms, this came to be known as the atomic number and uniquely determines the element.
Even so, it came with a bitter prediction. Electrons in orbit are constantly accelerating,
but accelerating electric charges emit radiation, called bremsstrahlung, losing energy in the
process. Classical electrodynamics predicts that this style of atoms is hopelessly unstable,
even the hydrogen atom would be predicted to decay in ~ 107" s. Such an emission of
radiation is wholly incompatible with observations. Something is afoot.

1.2 Atomic spectroscopy

The above issue was largely theoretical. We knew that there were nuclei and electrons, and
we also knew that nuclei were much smaller than the full atom. Our issue is when we apply
the ideas of classical electrodynamics we get nonsensical answers. In these conditions, what
is needed is experimental data that would hopefully gives us hints to resolve the theoretical
conundrum. The relevant piece of data turns out to be from spectroscopy.

The story of spectroscopy begins in 1802 when William Hyde Wollaston (Fig. 1.8)
realised the light from the sun wasn’t exactly white but had dark lines at certain intervals.
In 1814 Joseph von Fraunhofer (Fig. 1.9) re-discovered them and studied them in greater
detail which is why these dark lines are still called Fraunhofer lines, Fig. 1.10.

hFcthE

I
400 500 600 700

wavelength in nm

KH C B A

Figure 1.10. The dark lines in the solar spectrum in the visible range.**

Over the next few decades, physicists continued to study these lines and related phe-
nomena. What they found was beautifully summarised by Gustav Kirchhoff (Fig. 1.11) in
his three laws of spectroscopy:

1. An incandescent material under high pressure emits a continuous spectrum.

9Picture by John Jackson - Scan from Platinum Metals Review, 2003, page 176, Public Domain, https:
//commons .wikimedia.org/w/index.php?curid=3508688

10Pjcture by Unknown author - Scanned from "Die groBen Deutschen im Bilde" (1936) by Michael
Schonitzer, Public Domain, https://commons.wikimedia.org/w/index.php?curid=5017460

HFigure by Fraunhofer lines.jpg: nl: Gebruiker:MaureenV Spectrum-sRGB.svg: Phrood common-
swiki Fraunhofer_lines_ DE.svg: *Fraunhofer_lines.jpg: Saperaud 19:26, 5. Jul. 2005. derivative work:
Cepheiden (talk)derivative work: Cepheiden (talk) - Fraunhofer lines.jpg Spectrum-sRGB.svg Fraun-
hofer__lines_ DE.svg, Public Domain, https://commons.wikimedia.org/w/index.php?curid=7003857

12Pjcture by Unknown author - Portrait of Gustav Kirchhoff, Smithsonian libraries (SIL-SIL14-k002-03)
(image), Public Domain, https://commons.wikimedia.org/w/index.php?curid=1774907
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Figure 1.8. William Hyde
Wollaston FRS®

Born: 1766 East Dereham,
Kingdom of Great Britain
Died: 1828 Chislehurst, United
Kingdom of Great Britain and
Ireland

Figure 1.9. Joseph
Fraunhofer, Ritter von
Fraunhofer*°

Born: 1787 Straubing, Holy
Roman Empire of the German
Nation

Died: 1826 Munich, Kingdom of
Bavaria

Figure 1.11. Gustav Robert
Kirchhoff'?

Born: 1824 Kénigsberg,
Kingdom of Prussia

Died: 1887 Berlin, German
Empire

Academic Advisors: Carl
Jacobi, Franz Ernst Neumann


https://commons.wikimedia.org/w/index.php?curid=3508688
https://commons.wikimedia.org/w/index.php?curid=3508688
https://commons.wikimedia.org/w/index.php?curid=5017460
https://commons.wikimedia.org/w/index.php?curid=7003857
https://commons.wikimedia.org/w/index.php?curid=1774907
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2. A hot gas under low pressure emits a discrete spectrum with distinct bright emission
lines.

3. A continuous spectrum source viewed through a cool, low-density gas exhibits a
continuous spectrum with discrete gaps of dark lines.

Additionally, it was discovered that each element had its own distinct spectrum, and
the emission or absorption spectrum was precisely the same. That is the bright emission
lines had precisely the same frequency as the dark absorption lines. These spectra were as
fingerprints for the elements and widely used to identify the composition of the atmospheres
of distant stars.

However, it was like these spectra were written in a forgotten language. No one knew
why or how these gases could emit/absorb at these specific frequencies. Nevertheless, some
1.12), in 1890
Johannes Rydberg (Fig. 1.13) managed to derive an empirical formula for the frequencies

progress was made. Based on an early result by Johann Balmer (Fig.

of the hydrogen spectrum:

1 1
where v is the frequency, n, m two integers, and R is the Rydberg frequency
R~ 3.290 x 10" Hz (1.9)

In 1908 Walther Ritz (Fig. 1.14) managed to generalise this idea by realising that the fre-
quencies were always differences between elementary “terms”, but he gave no interpretation
as to what these terms were meant to represent.

Finally, in 1913 Niels Bohr (Fig.
hydrogen atom. He was inspired by an earlier idea from John William Nicholson (Fig.

1.15) offered an explanation for the case of the

1.16) who attempted to connect the frequency of the electron’s orbit to the frequency of
the emitted radiation. The discreteness of the observed frequencies would then imply a
discreteness to the angular momentum of the electron. The error in Nicholson’s model
was proposing that electrons would come in pairs to avoid collapsing to the nucleus. This
hypothesis was disproven by a later discovery that hydrogen atoms indeed have only one
electron. Bohr then proposed that there were special orbits such that the electron orbit
would be stable and not emit any radiation. These orbits would correspond to angular
momentum, quantised in units of a fundamental constant /i (pronounced “h-bar”) such
that

mevr = nh,

n=12,3,... (1.10)

where v is the velocity of the electron and r the distance from the nucleus.

The only way the electron could emit radiation was by transitioning between these sta-
ble orbits, either by emitting or absorbing radiation of the corresponding energy, depending
on whether it was going from an orbit closer to or further away from the nucleus. He did
not provide any mechanism that would ensure these orbits were stable, which is a signifi-
cant departure from classical electrodynamics. Bohr’s guess is fact almost right. Even in
the full quantum theory it will turn out that angular momentum is indeed quantised, it’s
just that the quantisation condition is a bit more complicated.

13Picture by Johann Jakob Balmer - Reproduction of a public domain painting, Public Domain, https:
//commons .wikimedia.org/w/index.php?curid=1580258

MPicture by sv: Per Bagge (1866-1936) - Original photograph in the collections of sv: Akademiska
Foreningens Arkiv & Studentmuseum (The Archives and Museum of the Academic Society) in Lund,
Sweden. Public Domain, https://commons.wikimedia.org/w/index.php?curid=41525001

5By Unknown author, Public Domain, https://commons.wikimedia.org/w/index.php?curid=86166792
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Figure 1.12. Johann Jakob
Balmer'?

Born: 1825 Lausen, Swiss
Confederation

Died: 1898 Basel, Swiss
Confederacy

Figure 1.13. Johannes
“Janne” Robert Rydberg!?
Born: 1854 Halmstad, United
Kingdoms of Sweden and Norway
Died: 1919 Lund, Kingdom of
Sweden

Figure 1.14. Walther
Heinrich Wilhelm Ritz'®
Born: 1878 Sion, Swiss
Confederacy

Died: 1909 Gottingen, German
Empire
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He then proceed recklessly, assuming that the orbit was in equilibrium we needed a
balance between the centrifugal force and the centripetal electrostatic force

2 2
Ml @ (1.11)
r 4meqr?
which, together with the quantisation condition, yields
2 272
e 4regn-h
= = 1.12
v 4megnh " mee? ( )
and therefore, the energy of each orbit is
1 e? etm
E— - 2 _ - _ ¢ 1.13
g'me? 4dmegr 32m2ein?h? ( )

The energy in the emitted or absorbed radiation would correspond to the difference in
these discrete energy levels

e*m 1 1
AE=FE, —E, = ——" (- _ _— 1.14
32m2e3h? <n2 m2> (1.14)

All we have left to do is connect these energy differences to the frequency of the emitted
radiation. To do so, he took the case when n > 1 and m = n 4+ 1. For such large n the
allowed orbits form almost a continuum and we would expect classical electrodynamics to
hold. The frequency of the emitted radiation should then essentially be the frequency of
the electron in its orbit, and because n =~ m there is little ambiguity as to which orbit
should be used for defining this frequency. We then have

4
v e*mo
_ v 1.15
2rr  32m3edn3hd (1.15)
Additionally, for n > 1 and m = n + 1 we can write
AE ~ etme _ (1.16)
~ 16m2e2h2n3 '
which allows us to conclude
AFE = 2mhv (1.17)

And therefore the frequencies would be given by

e*me. 1 1
_ R 1.18
v 64m3e3h? (n2 m2> (1.18)

This is exactly the formula that Rydberg predicted, but it seems we haven’t gained
much. Sure, it’s no longer trial-and-error but there is no justification for the quantisation
of angular momentum and without an independent way to set & we haven’t even been able
to predict the Rydberg frequency. The latter of these issues was actually resolved before
Bohr suggested his model, in fact, the solution was one of the key motivations for his work.

The key lies in (1.17) that relates the energy difference to the frequency of the emitted

16Picture by The American Institute of Physics credits the photo to AB Lagrelius & Westphal, which
is the Swedish company used by the Nobel Foundation for most photos of its book series Les Prix Nobel.
- Niels Bohr’s Nobel Prize biography, from 1922, Public Domain, https://commons.wikimedia.org/w/
index.php?curid=288274
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Figure 1.15. Niels Henrik
David Bohr HE'®

Born: 1885 Copenhagen,
Denmark

Died: 1962 Copenhagen,
Denmark

Doctoral Advisor: Christian
Christiansen

Figure 1.16. John William
Nicholson FRS

Born: 1881 Darlington, United
Kingdom of Great Britain and
Ireland

Died: 1955


https://commons.wikimedia.org/w/index.php?curid=288274
https://commons.wikimedia.org/w/index.php?curid=288274
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radiation. This is a curious relation that would not be predicted by classical electrody-
namics. It was first suggested by Max Planck (Fig. 1.17) in 1900 to explain the spectrum
of black body radiation. By black body we mean something which absorbs all radiation
that hits it, without reflecting any; it emits a continuous spectrum of radiation like what
is described by Kirchhoff’s first law of spectroscopy. It would take us too far afield to fully
describe the problem, but it suffices to say the key difficulty was calculating the average
energy of the radiation for a given temperature. J. Willard Gibbs (Fig. 1.18) showed that
for a system in thermal equilibrium at a given temperature T' the probability that it has
an energy E is proportional to exp(—E/kgT) where kg ~ 1.381 x 10723 J K~! is the
Boltzmann constant'”. Therefore, if we allow for a continuum of energy in the emitted
radiation its average energy would be

/ dEE ¢ %aT

0
e E
/ dEe *8T

0

which does not agree with the experimentally observed radiation. Planck instead assumed

E=

= kT (1.19)

there was some constant h (now called the Planck constant) such that the energy in the
radiation had to be an integer multiple of hrv, where v is the frequency. The average energy
would then be given by

oo
_ nhv
nhv e *¥BT
E _ n=0 o

o0

_ nhv
E e kpT
n=0

This new expression for the average energy does agree with the experimental data as long

o (1.20)

as the value for this new constant is taken to be

h~6.626 x 1073 J s (1.21)

Planck did not have any justification for this assumption of energy quantisation, later
calling it “an act of desperation”. He interpreted the quantisation condition to apply to
the black body itself rather than the radiation.

Albert Einstein (Fig. 1.19) would take a step further in trying to explain the photoelec-
tric effect. As mentioned earlier, this is the emission of electrons by a metal when being hit
by UV radiation. Classically, the energy of the radiation is independent of the frequency,
but instead a function of its intensity. We therefore expected that the kinetic energy of
the emitted electrons was going to be a function of the intensity of the radiation. What
was instead observed was that the kinetic energy of the electrons was a linear function of
the frequency and independent of the intensity. Increasing the intensity of the light did
not give extra energy to the electrons but instead merely caused additional electrons to be

17In the modern SI system we use the value of this constant to define the Kelvin, therefore it is ezactly
given by kg = 1.380 649 x 10723 J K—!

18Picture by Hugo Erfurth - This file was derived from: Max Planck by Hugo Erfurth 1938cr.jpg. Orig-
inal source: https://www.dhm.de/lemo/bestand/objekt/max-planck. Public Domain, https://commons.
wikimedia.org/w/index.php?curid=153625300

9Picture by Unknown. Uploaded by Serge Lachinov - Frontispiece of The Scientific Papers of J. Willard
Gibbs, in two volumes, eds. H. A. Bumstead and R. G. Van Name, (London and New York: Longmans,
Green, and Co., 1906), Public Domain, https://commons.wikimedia.org/w/index.php?curid=7919387

20Picture by Photograph by Oren Jack Turner, Princeton, N.J. - This image is available from the United
States Library of Congress’s Prints and Photographs division under the digital ID cph.3b46036. This tag
does not indicate the copyright status of the attached work. A normal copyright tag is still required. See
Commons:Licensing. Public Domain, https://commons.wikimedia.org/w/index.php?curid=254353
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Figure 1.17. Max Karl Ernst
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Born: 1858 Kiel, Duchy of
Holstein

Died: 1947 Gottingen,
Allied-occupied Germany
Doctoral Advisor: Alexander
von Brill

Figure 1.18. Josiah Willard
Gibbs'?

Born: 1839 New Haven, United
States of America

Died: 1903 New Haven, United
States of America

Doctoral Advisor: Hubert
Anson Newton

Figure 1.19. Albert
Einstein?’

Born: 1879 Ulm, German
Empire

Died: 1955 Princeton, United
States of America

Doctoral Advisor: Alfred
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https://www.dhm.de/lemo/bestand/objekt/max-planck
https://commons.wikimedia.org/w/index.php?curid=153625300
https://commons.wikimedia.org/w/index.php?curid=153625300
https://commons.wikimedia.org/w/index.php?curid=7919387
https://commons.wikimedia.org/w/index.php?curid=254353
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emitted.

Einstein managed to explain this phenomenon by assuming that light was made of
particles, called photons, rather than waves. The energy of each photon would be given by
the Planck formula

E=hv (1.22)

and increased intensity only meant that extra photons were created. Because the photons
were small, only a single photon could hit a given electron. The higher the frequency the
higher the kinetic energy of that electron. On the other hand, the higher the intensity the
more photons and the more electrons are emitted. Exactly as verified experimentally.

Connecting back to Bohr’s model of the atom, we see that this particle description of
electromagnetic radiation would agree with his energy-frequency relation if we took

h=— 1.23

o (1.23)
We call Bohr’s A the reduced Planck constant, it will very often be more convenient than
the original Planck constant h. Plugging this definition into (1.18) we obtain the following
expression for the Rydberg frequency:

e*m,

= 1.24
R 8eah? (1.24)

you can plug in the values for all the constants and check everything is consistent.

This is as far as Bohr came. With the independent verification for the Planck constant
he could predict the Rydberg formula from first principles, at the cost of assuming an ad-
hoc quantisation of angular momentum. The next step would be taken by Louis de Broglie
(Fig. 1.20). He noticed he could use the relativistic expression relating an electromagnetic

wave’s energy to its linear momentum

E =pc (1.25)
and the relationship between wavelength and frequency

v=— (1.26)

to write a relationship between the photon’s momentum and wavelength

p=x (1.27)

The next step was to generalise this relationship. After all, if light can be a particle
and a wave, why can’t the electron? If the electron were a wave, then its frequency and
wavelength would be given by

and )\:E
p

V=

E
- (1.28)

where E and p are the electron’s energy and momentum, respectively.

As a quick check he employed the usual definition of group velocity in terms of the

21Picture by Unknown author - http://www.physics.umd.edu/courses/Phys420/Spring2002/Parra_
Spring2002/HTMPages/whoswho.htm, Public Domain, https://commons.wikimedia.org/w/index.php?
curid=622169
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Figure 1.20. Louis Victor
Pierre Raymond, Duc de
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Born: 1892 Dieppe, French
Republic

Died: 1987 Louveciennes, French
Republic

Doctoral Advisor: Paul
Langevin


http://www.physics.umd.edu/courses/Phys420/Spring2002/Parra_Spring2002/HTMPages/whoswho.htm
http://www.physics.umd.edu/courses/Phys420/Spring2002/Parra_Spring2002/HTMPages/whoswho.htm
https://commons.wikimedia.org/w/index.php?curid=622169
https://commons.wikimedia.org/w/index.php?curid=622169
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angular frequency w = 27v and wavenumber k = 27/

dw dFE
= —=— 1.2
YT T @ (1.29)
then using the familiar formula®? E = p?/2m we get
p
== 1.30
v=L (130)

as expected. Everything seemed consistent.

If you switch to interpret the electron as a wave then it must go a whole number of
wavelengths as it goes once around the orbit, otherwise this wave wouldn’t be single-valued
(Fig. 1.21).
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Figure 1.21. De Broglie’s atomic model. If the wavelength is not quite what is predicted by the
quantisation condition, the electron wave doesn’t loop back on itself properly as a single-valued
function would.

This means that the length of the orbit 27 must be an integer multiple of the wave-
length A. In terms of the momentum we find
h h
2mr = A= - = p:n— (1.31)
P r
which is precisely the quantisation of angular momentum that Bohr predicted!
It seems like this wave picture of the electron together with a particle picture of light
is able to explain the atomic spectra we observe. Truly it seems like everything is the
opposite of what it should be.

2 Are electrons particles or waves?

In the last chapter it seemed like the only way we could explain atomic spectra and the
photoelectric effect was to take a wave-like view of the electron and a particle-like view of
light. Which is it, are they particles or waves? The original experiment that demonstrated
that light was a wave was Thomas Young’s (Fig. 2.1) 1801 double-slit experiment. The
only way we could explain the observed interference pattern was if light was a wave. Let
us apply the same reasoning for the electron?*.

22He actually used the relativistic version of this expression, but that is a needless complication.

23Picture by Henry Perronet Briggs - http://rstb.royalsocietypublishing.org/content/370/1666/
20140308, CC BY-SA 4.0, https://commons.wikimedia.org/w/index.php?curid=109315084

24Despite being one of the first results of quantum mechanics, the theory of the photon is quite compli-
cated and will be beyond the scope of this volume. The main issue is that photons are routinely absorbed
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Died: 1829 London, United
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http://rstb.royalsocietypublishing.org/content/370/1666/20140308
http://rstb.royalsocietypublishing.org/content/370/1666/20140308
https://commons.wikimedia.org/w/index.php?curid=109315084
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2.1 An experiment with particles

First, let us run this experiment with particles. As an example of particles, think of small
bullets. We have a source of these bullets, a back wall that collects the bullets, and a wall
in between with two narrow slits. For simplicity, we shall assume that both the bullets
and the walls are indestructible. We will also assume that we cannot control whatever is
the source of the bullets, you can think of it as a very lousy gun firing bullets in every

direction.

Figure 2.2. Double slit experiment with particles

The slits should be only very slightly wider than the bullets. So if they are fired
straight-on they can pass but even a slight deviation will cause a collision with the walls
and mess up the trajectory. For simplicity, assume that these collisions are elastic, that
there is no air resistance and that the bullets are all fired with the same speed. This means
that, no matter the trajectory, the energy imparted by each bullet on the back wall is the
same.

What do we see on the back wall? Well, we don’t know exactly what will happen for
each bullet because its trajectory is random. However, trajectories which land very far
away from the position of the slits are less likely than ones that are only slight deviations
from the straight-on trajectory. It is reasonable to to expect a distribution such as Fig 2.3.

J/\I‘J.zn:
(. ﬁ\\
f t \
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Figure 2.3. Outcome of the double slit experiment with particles. We are depicting the sum of
two Gaussian distributions, one centred at z = —1 and the other centred at £ = 1 both with unit
standard deviation.

and emitted, therefore we need to describe them using a formalism that is able to create and annihilate
particles. Non-relativistic electrons and atoms do not have this issue so they will be the focus of this text.

An experiment with particles
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One very important point is that we will not observe this distribution immediately.
The back wall will receive one bullet at a time in discrete indivisible lumps. You never get
half a bullet. What you see is that over time, after sending many bullets, we can plot the
number of bullets that land in a given location and infer the probability distribution P(x)
from above. The overall normalisation is arbitrary, we can set it to 1 so that we are seeing
the probability distribution itself.

Further, we can construct this full probability distribution from the probability distri-
butions associated with the single-slit experiments. Imagine covering up slit 2, we then are

sure that the particle goes through slit 1 and we observe a certain probability distribution
Pl (IZ?)

L
X

Figure 2.4. Outcome of the single slit experiment with particles where we cover up the second
slit.

We could repeat the experiment by covering up slit 1, and measuring P»(z), which is
the same as Pj(x) but translated in the x axis:

Figure 2.5. Outcome of the single slit experiment with particles where we cover up the first slit.

The crucial fact is that, when both slits are open, each bullet definitely passes through
exactly one of them. it cannot be divided so it cannot pass through both at the same time.
Therefore, from the perspective of each bullet, it’s irrelevant as to whether the slit it didn’t
pass through was open or closed. Assuming half the bullets go through slit 1 and half the
bullets go through slit 2 we must conclude that

1

P(z) = L Pi(x) + 3 Po(a) (2.1)

which is exactly what we observe.

To summarise, if electrons are particles we expect the following properties to be true:

e The energy transmitted to the back wall comes in discrete and indivisible lumps.

An experiment with particles
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You either get the full energy or none of it, we would not be able to observe half an
electron.

o These discrete lumps land with a certain probability distribution P(z) given by the
(normalised) sum of the probability distributions Pj(z) and Ps(z) obtained by cov-
ering one slit at a time.

2.2 An experiment with waves

Now let us run the experiment with waves, like water waves or sound waves. The walls are
set up in the same way but we are instead sending plane waves with a constant frequency
and amplitude. The height of these waves is given by (the real part of) h;, where hy is
the complex amplitude who also carries information about the phase of the wave. The
energy transmitted to the back wall is given by the intensity of the wave I which equals
the mod-square of the amplitude I = |h\2. What we observe is depicted in Fig. 2.6.
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Figure 2.6. Outcome of the double slit experiment for waves. We see the complicated interference
pattern that results in a sequence of maxima and minima of intensity.

Now the outcome is continuous. You can dial down the amplitude of the initial wave
as much as you want but it only scales down the observed pattern on the back wall. We
see that pattern all at once, no lumps of energy.

The observed pattern is also far more complicated than in the particle version of the
experiment. It can be derived in the following way. If the slits are narrow enough, we can
use the Huygens—Fresnel principle we can treat each slit as a source of a spherical wave.
Let us denote the wave emitted from slit 1 as hy, and the wave emitted from slit 2 as hs.
The waves then add together such that the total wave is given by h = hy + hs. However,
the energy transmitted to the back wall is given by the intensity of the wave obtained from
the mod-square of the complex wave:

I =|hy + hy|? (2.2)

The pattern we see depends on the relative phases/signs of h; and hy. When both are
in phase, i.e. if they are both at a maximum or both at a minimum, they will have the
same sign and will add together. When they are out of phase, i.e. if one is at a maximum
and the other at a minimum, they will cancel each other. Because the slits have some
non-zero separation, the waves from each slit will travel slightly different distances before
hitting the back wall. This difference in distance yields a difference in phase resulting in
this interference pattern.

Crucially, this pattern is not the sum of what we would obtain from covering one slit
at a time. If we cover slit 2 so that the wave only passes through slit 1 then the energy

An experiment with waves
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transmitted is I} = |h1|2 and similarly for covering slit 1. However,

I = (hy + ho)(hy + ha)* = |ha]® + |ha|® + 2Re{h1h}} (2.3)

which is not just I1 + Io, it has an extra term, the interference term, which is only there
when the waves can path through both slits.

Figure 2.7. Outcome of the single slit experiment for waves.

It is similar but slightly more
complicated than the single slit experiment for particles. The key feature is that adding two of

these cannot reproduce the effects depicted in Fig. 2.6

In summary, if electrons were waves we would observe the following;:

e The energy transmitted to the back wall is continuous. If we dial down the wave
source we merely scale the total output down.

o The pattern observed exhibits interference, being different from the sum of the patters
observed when either of the slits is closed. The waves pass through both slits at once,
we must sum the complex waves first and then take the mod-square.

2.3 An experiment with electrons

So what happens for an electron? We observe the following:

e The energy transmitted to the back wall comes in discrete and indivisible lumps.

You either get the full energy or none of it, we would not be able to observe half an
electron.

e The probability observed exhibits interference, being different from the sum of the
patterns observed when either of the slits is closed. It is the same pattern that was

observed when the we summed complex waves and then took the mod-square.

This wasn’t one of the options? How on earth did this happen? Somehow electrons
are neither particles nor waves but something else entirely? This experiment was repeated
again and again. But the outcome is the same. We get one electron at a time, at a random
location and the probability is given by an interference pattern that looks as if we summed
complex waves and took the mod-square to get the probability.

This doesn’t make any sense. Surely if the electrons come in lumps then they must
pass through exactly one of the slits right? But the total probability is not the sum of

25Picture by Roger Bach, Damian Pope, Sy-Hwang Liou and Herman Batelaan See Roger Bach et
al 2013 New J. Phys.

15 033018DOI 10.1088/1367-2630/15/3/033018 - https://iopscience.iop.org/
article/10.1088/1367-2630/15/3/033018/data, CC BY 3.0, https://commons.wikimedia.org/w/index.
php?curid=132124128
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Figure 2.8. Outcome of the electron slit experiment with electrons. We are seeing an intermediate
result of the experiment to emphasise the discreteness of the outcomes. We can nevertheless start
to see the interference lines similar to the wave experiment?®

the probabilities observed when we close a slit at a time. So maybe they slip apart and
somehow go through both slits at the same time? But that also can’t be because we never
observe half an electron. Even if we put the back wall really close to the slits we always
observe a single electron.

Perhaps we could try to see which slit the electron passed through? Perhaps we could
put some detector in place that would interact with the electron and tell us, the electron
has an electric charge so maybe a light source will do. But electrons are small and light,
even a very meek light source will disturb the electron and change the observed pattern.
We could try to dim the light as much as we can but we run into the same issue. As we
saw previously, light is also made up of particles, the photons. Dimming the light source
will not change the energy of each photon, just the number of photons emitted. So the
energy transmitted to each electron will be exactly the same, when dimming it we just
send fewer photons and so there will be some electrons which are not hit by any photon
and pass undisturbed. There are three options:

1. Electron is detected going through slit 1. Pattern: P;
2. Electron is detected going through slit 2. Pattern: P

3. Electron is not detected. Pattern: I

You can try to concoct further and further ways to try to figure out which slit the
electron went through without destroying the interference pattern but to no avail. As far
as we know it is impossible. We know we fire a single electron, and we know it hits the
back wall, we do not know its trajectory we don’t even know if has a trajectory at all.

Werner Heisenberg (Fig. 2.9) imagined a dark street with intermitting light posts. We
can see the person only when they’re bellow one of the light posts, we can assume they
went through the middle but there’s no way to check what trajectory they took. In the
quantum mechanics case we go further, we claim it’s impossible to know.

This might seem quite discouraging, but there is a silver lining. Even if we don’t know
what trajectory an individual electron takes and where it’s going to land, the probability
distribution is perfectly predictable. The maths aren’t even that complicated, it’s just
ordinary wave mechanics. In quantum mechanics we have to give up and take some ques-
tions as impossible to answer. But those questions which we can answer, we do so with an
incredible accuracy.

26Picture by Bundesarchiv, Bild 183-R57262 / Unknown author / CC-BY-SA 3.0, CC BY-SA 3.0 de,
https://commons.wikimedia.org/w/index.php?curid=5436254
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Died: 1976 Munich, Federal
Republic of Germany
Doctoral Advisor: Arnold
Sommerfeld


https://commons.wikimedia.org/w/index.php?curid=5436254

ARE ELECTRONS PARTICLES OR WAVES?

So what are electrons: waves or particles? Well they’re neither, they obey the following
properties:

e They come in discrete and indivisible lumps, we sometimes call those lumps quanta

e The probability they are detected in a given location is given by the square of the
complex modulus of a function which seems to follow the laws of wave mechanics.
We call that complex function whose mod-square gives the probability a probability
amplitude

o If we try to detect where an electron is we inevitably disturb it and ruin any inter-
ference pattern previously observed

The goal of the following chapters is to clarify and quantify this behaviour.

An experiment with electrons

17



Quantum Kinematics

In the previous chapter we described the outcomes of the double-slit experiment for elec-
trons. The chief concept was that of the probability amplitude whose mod-square gives
the probability and that seems to follow wave-like mechanics. In this chapter, we will delve
into these probability amplitudes, understanding what they represent and how to describe
them, ultimately arriving at the mathematics of Hilbert spaces. To make matters simpler,
rather than pursuing the direction of wave mechanics we will instead start by considering
a different system which only has a discrete set of outcomes: spin in the Stern-Gerlach ex-
periment. Only after the discrete case is fully understood will we delve into the continuous
wave mechanics.

3 The Stern-Gerlach experiment

Somewhat anachronistically let us continue our exploration of the properties of the electron.
In the last chapter we found out it was neither a particle nor a wave but a secret third
option. The question now is, does it have internal structure? Because if so then it can
possibly spin about some internal axis. Given it has an electric charge, if it also has an
internal angular momentum, then it will have a magnetic moment. In 1921-1922 Otto
Stern (Fig. 3.1) and Walther Gerlach (Fig. 3.2) tested this hypothesis and found truly
unforeseen results.

3.1 A review of the magnetic moment in classical electrodynamics

Before we delve into the experiment itself a review of some concepts in classical electrody-
namics is in order. The magnetic moment p is defined for an object such that the aligning
torque as a result of an applied magnetic field B is

T=wuXB (3.1)
For a small loop of current I and area S it equals
p=1I15Sn (3.2)

where n is the normal vector to the loop whose direction is given by the right-hand rule,
Fig. 3.3.

If the applied magnetic field is constant then despite there being an aligning torque
there is no resulting force, if, however, the field varies in space we get a resulting force
given by

F=V(u-B) (3.3)

Finally consider an extended object of constant mass and charge rotating. Its rotation
creates an electric current and hence a magnetic moment. Integrating (3.2) we find

pe g

= (3.4)

27Picture by Nobelprize.org - http://nobelprize.org/nobel_prizes/physics/laureates/1943/
stern-bio.html, Public Domain, https://commons.wikimedia.org/w/index.php?curid=6196370
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THE STERN-GERLACH EXPERIMENT The original Stern-Gerlach ezperiment

=l

Figure 3.3. Illustration of the magnetic moment g of a loop of current I with area S.?

where ¢ is the total charge of the object, m its mass, and L its angular momentum.

The fact that the magnetic moment is proportional to the angular momentum will still
hold in quantum mechanics. However, the proportionality constant between the two will
not match the classical prediction. For the electron, for instance, it will be off by a factor
of 2, meaning that it has a magnetic moment twice as strong as the classical prediction.
In order to derive this discrepancy one will need a relativistic understanding of quantum
mechanics which will not be presented in this volume. Additionally it will turn out that
evidence of the spin angular momentum of the electron is not actually evidence of internal
structure. Quantum particles can have an intrinsic angular momentum even if they are
fundamental. Neither of these details will be crucial for the following discussion, but needed
mention for the sake of honesty.

3.2 The original Stern-Gerlach experiment

Using the knowledge above, what we need to do in order to test whether an given particle
has a magnetic moment is to put them in a strongly varying magnetic field. Doing the
experiment with electrons is not feasible in practice because they will experience a Lorentz
force due to their electric charge alone. Cancelling this Lorentz force or disentangling the
two effects is prohibitively difficult. The original Stern-Gerlach experiment was done with
silver atoms to get around this issue. For simplicity’s sake I will refer to the particles sent
as electrons as it does not affect the main point I am trying to make. Just bear in mind that
the actual experiment used silver atoms. The apparatus they concocted is illustrated in
Fig. 3.4. It creates a magnetic field that is basically just pointing in the vertical direction
and which is stronger at the tip of the top magnet.

Given we are not preparing the incoming beam in any special way, we expect its
magnetic moment vectors to be pointing randomly in every direction. Looking at (3.3) we
see that the intensity of the force will depend on the dot product of the moment and the
magnetic field. An electron whose moment is completely aligned with the magnetic field
will be deflected strongest and one whose magnetic moment is aligned perpendicularly with
the field will not be deflected at all. Given they will have random alignments we expect a
smear in the vertical direction, as depicted by (4) from Fig. 3.4

Observing a smear like this rather than a single dot in the centre would prove that
the electrons have an internal angular momentum, which we call spin. What we observe
however is neither of the two options but instead (5) from Fig. 3.4. It seems as if an
electron does have spin, and therefore a magnetic moment, but that it is somehow either
fully up or fully down, rather than a continuous of possibilities. The quantum realm really
is bizarre.

28Figure by Glosser.ca - Own work, CC BY-SA 3.0, https://commons.wikimedia.org/w/index.php?
curid=18933480
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‘. 2\@@
&

Figure 3.4. Illustration of the Stern-Gerlach experiment. (1) is the furnace producing silver
atoms. (2) is the beam of silver atoms with random spin orientations. (3) is the inhomogeneous
magnetic field that causes a deflection due to the spin angular momentum. (4) is the classically
predicted result. (5) is the actual result of the experiment.’

3.3 Chaining Stern-Gerlach devices

So far we have no idea what is going on. In order to glean some structure out of these
baffling results we will have to play with the experiment a little bit. Our first step will be
to introduce a modified version of our Stern-Gerlach device that recombines the beams at
the end, as sketched in Fig. 3.5.

N S N
S N S

Figure 3.5. A modified version of the Stern-Gerlach experiment in which the beams recombine
at the end.

At first sight it appears it does nothing, it splits and then recombines the beams and
we end up with the same result as we started. The crucial aspect of this version of the
experiment is that it allows us to include filters that block one of the two beams before
they are allowed to recombine, Fig. 3.6

If we do nothing else we just notice that only half of the electrons come through, which
isn’t a lot of information. However, we can tack on an ordinary Stern-Gerlach apparatus
at the end and see that all of the electrons that go through have the same spin, Fig. 3.7

There are two very important points with these experiments. Firstly, it is crucial that
we not separate the beams too much in the modified device. Our goal is that the recombined
beam is ezactly the same as the incoming beam. But we know from the previous chapters

29Figure by Tatoute - Own work, CC BY-SA 4.0, https://commons .wikimedia.org/w/index.php?curid=
34095239
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N S N
S N S

Figure 3.6. A modified Stern-Gerlach apparatus with a filter.

N ] N N
S N S 5

Figure 3.7. Checking the filter works as expected.

that there are interference effects between the two paths, which would be ruined if the
beams were separated too much. We want just enough separation to include filters, but
not too much to ruin interference.

Secondly, none of the effects described above or below rely on the interaction between
different electrons. We can run the experiment with a very low intensity beam, sending
one electron at a time, and the results would remain unchanged. Any weirdness, including
interference effects between different possible paths, must come from a behaviour intrinsic
to the electron, rather than due to some complicated interaction between distinct electrons.

With all of this in mind, let us play with our various Stern-Gerlach devices. To simplify
our notation I will depict an ordinary Stern-Gerlach device by a box labelled “SG” followed
by an indication of the orientation as in Fig. 3.8.

—_— SGy

Figure 3.8. Simplified notation for an ordinary Stern-Gerlach device oriented along the y direc-
tion. The top beam corresponds to the positive y direction, and the bottom beam corresponds to
the negative y direction.

A modified Stern-Gerlach device will be labelled “mSG”, followed by an indication of
the orientation, and an indication of the filters applied: a 4 sign, means only the beams
in the positive direction were allowed to pass through (alternatively, that we put a filter
in the negative direction); a — sign means that only the beams in the negative direction
were un-blocked; and a + sign means that no filters were applied so that both positive and

Chaining Stern-Gerlach devices
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negative direction beams were allowed. An example is depicted in Fig. 3.9

— mSGy+ —

Figure 3.9. Simplified notation for an modified Stern-Gerlach device oriented along the y direction
with a filter blocking the beam in the negative y direction, so that only the spins along the positive
y direction were allowed to pass.

For example, the situation depicted in Fig. 3.7 would be depicted as in Fig. 3.10.

Furnace mSG y + SGy

Figure 3.10. Simplified version of Fig. 3.7

Another advantage of this notation is that we are not drawing the precise path we
think the electron went through. From the double slit experiment we know we should be
wary of thinking of electrons as travelling through a specific slit, so we shouldn’t really
think that an electron goes through any single beam. We only know the end result.

Armed with these tools let’s explore and play with spins. The first thing we might
want to try is to rotate the devices. After all, we expected the spins to come out of the
furnace randomly oriented, perhaps it’s the furnace itself that has a preferred direction.
What happens if we rotated the original device so that now it was aligned with the z
direction, as in Fig. 3.117

Furnace SG x

Figure 3.11. Rotated Stern-Gerlach experiment

We once more get only two discrete outcomes. The results of the experiment do not
depend on the relative orientation between the apparatus and the furnace, so it cannot
be some weird property of the furnace. This is very strange indeed, the force should be
proportional to the dot product between the magnetic moment and the magnetic field,
but in every direction we obtain that the magnetic moment was fully aligned with the
field. Naively this would be impossible, the magnetic moment cannot be aligned with all
directions without being zero, and yet, that is what we observe experimentally.

What if we put them in sequence? As in, filtering so that we know we only have spins
pointing in the positive y direction, and then measuring the spin in the x direction, as
depicted in Fig. 3.12. In this case we still get a 50/50 chance of the magnetic moment
being purely aligned or anti-aligned with the x direction. This is pure madness, if there
was some component of g in the x direction then the inner product with a B aligned with
the y direction cannot be maximal. And yet, this is what we observe.

We can also try to have these two devices at an angle ¢ rather than being completely
perpendicular, Fig. 3.13.



THE STERN-GERLACH EXPERIMENT

Furnace mSG y + SG x

Figure 3.12. Measuring the spin in the x direction after having filtered in the y direction.

Furnace mSG y + SG ¢

Figure 3.13. Two devices at an angle ¢.

We still obtain a random result but it is not 50/50. The ratio between the two beams
interpolates between Fig. 3.10 and Fig. 3.12 in a continuous manner. The results are weird
but at least there is some continuity.

Now let us consider a three device set up, where we first filter in the y+ direction, then
we filter in the x4+ direction, and we finish by checking the spin in the y direction at the
end, Fig. 3.14.

Furnace mSG y + mSG x + SGy

Figure 3.14. Three device experiment. Despite having filtered for the y+ direction, the end
result is completely random.

Despite having filtered so that only electrons with moment in the positive y direction
came through, at the end the result is completely random! Measuring the spin in the x
direction totally ruined our previous measurements in the y direction. But it gets worse,
imagine we removed the filter in the middle device?

Furnace mSG y + mSG x SGy

Figure 3.15. By removing the filter in the middle device, the electrons at the end are all deflected
in the positive y direction.

The second device is doing nothing, so we go back to the situation in Fig. 3.10, and
zero electrons go through the bottom beam. How can this be? We have remowved a filter
and fewer electrons go through? This is pure madness. Surely the 1/8th electrons that
went through the y+ beam then the x4+ beam and then the y— beam in Fig. 3.14 are still
being emitted from our furnace. Surely these must also go through Fig. 3.10. How can we
loose all electrons?

Well, if we think of electrons as definitely going through each of the beams then this is
impossible. The only possible conclusion is that the electron does not go through a single
beam but instead goes through both. Exactly like the double slit experiment.

Chaining Stern-Gerlach devices
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In fact, we see this exact behaviour with polarising filters and light. If you have two
perpendicular filters they perfectly block the incoming light but put a third filter at an
intermediate angle then some light does get through. It doesn’t seem weird in this case
because we think of light as a wave and this is normal behaviour for waves.

Once more we must arrive at the conclusion that electrons behave neither as particles
nor as waves but as a secret third option: quanta.

3.4 The properties of probability amplitudes

We have some intuition and some results, but we need to do some mathematics with it.
We will say that the electron is in the |1 y) state if it went through the device in Fig. 3.16.

Furnace mSGy+ —

Figure 3.16. Preparing a |1 y) state.

Similarly we say that it is in the || y) state if it went through the device in Fig. 3.17.

Furnace mSGy- ——

Figure 3.17. Preparing a || y) state.

If add a device in the x direction that blocks spin-down electrons, as in Fig. 3.18, we
denote by (1 z|t y) the amplitude that it goes through this combined device, so that the
probability that the electrons go through is |(1 z|t y>|2 You read amplitudes right to left
as in Arabic.

Furnace mSG y + mSGx+ ——

Figure 3.18. Chain of devices yielding the amplitude (1 z|t y).

In general (¥|x) is the amplitude that an electron prepared in the |y) state goes
through a device which only lets electrons in the |¢) state go through. The corresponding
probability is given by |<w|x>\2 as described in the previous chapter. The central problem
of quantum mechanics will be to calculate these amplitudes and probabilities.

From the first few experiments we can immediately conclude that

(tylty) =1 (3.5)

and

Gylty) =0 (3.6)

That is, if we prepare an electron in the |1 y) state it remains in that state, and also that
it then definitely is not in the || y) state.
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We don’t yet have the tools to calculate amplitudes such as (1 |1 y), but we can make
some progress. First note that there are only two options for the second device, it’s either
up or down. So the sum of the probability that the electron comes out as up in the second
device plus the probability that it comes out as down should add to one. In equations:

(talty)” (talty) +dalty) (Lalty) =1 (3.7)

where we have written |(1 2|t 3)|> = (1 2|t y)* (1 z|1 y) for future convenience.

Of course (3.7) would also be true for || y) instead of |1 y). In fact, no matter the
initial state, it will still be true that there are only two options on the second device, so
the probability will have to add up to 1:

(tal)” (talp) + (L 2p)” (Laly) =1 (3.8)

This seemingly trivial statement will be quite helpful in the future.

Now let us move to the 3 device experiments, like Fig. 3.19 whose amplitude is

Lyt z) (Tzlty) (3.9)

Furnace mSG y + mSG x + mSGy- ——

Figure 3.19. Chain of 3 devices yielding the amplitude (] y|1 z) (1 z|1 v).

In this notation, we can also show that amplitudes are only dependent of the initial
state, not on the previous history. Consider the setup in Fig. 3.20 with amplitude

(Tyltz) (T zlty) (3.10)

Furnace mSG y + mSG x + mSGy+ —

Figure 3.20. Chain of 3 devices yielding the amplitude (1 y|1 ) (T z|1 y)-

The ratio

{tsltz) (3.11)

(ylt )

only depends on the details between the second and third devices. It is completely inde-
pendent on which state the first device picked.

We can also derive a statement similar to (3.8) in the 3 device setup. Recall Fig. 3.15
where the middle device is not filtering at all, which is equivalent to having just the first and
third devices, like in Fig. 3.10. The only way we could explain these results was through
interference effects between the two beams. However, there are still only two options in
the middle device of Fig. 3.15. If the electrons were being completely jumbled and having
totally random trajectories the filtering would not have worked as advertised. Therefore,
even if we cannot just add the probabilities we can still add the amplitudes for each beam
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in the middle device. In fact, the whole point of introducing amplitudes was because we
could add them up and still take interference into account.

In general, the amplitude between any two states |¢) and |x) must be precisely the
same as the sum of the amplitudes of putting a middle device filtering for |1 z) or || z).
That is,

(Xl) = (It @) (1 al) + (el 2) (L 2[y) (3.12)

States such as {|1 z), || )} that obey (3.8) and (3.12) are said to be base states.
Additionally if they obey equations like (3.5) and (3.6) we say they are orthonormal. If
this language is reminding you of vector language it should! That is precisely what we are
building towards.

Finally let us put together (3.7) and (3.12). Take (3.12) where both |x) and [|¢)) are
taken to be |1 y). The LHS is (1 y|1 y) which is clearly 1, therefore we obtain

L=(tyltz) (T zlty) + Tyl o) {2ty = (3.13)
=t alty)” (talty) + U2t y) (Lalty) (3.14)

To derive this we did not use the fact the x and y directions are perpendicular. This
equation must then be true for all possible relative orientations between x and y, and
therefore we must conclude that

(tylta) =(Talty)” (3.15)
(tylz) = alty) (3.16)

and therefore
(X|¥) = (Ix)* (3.17)

This final equation is the result of imposing that probabilities add up to 1, without it
we would not be able to consistently assign probabilities.

4 The physics of Hilbert spaces

In the previous chapter we derived three key properties of probability amplitudes. Firstly
there exists as set of states {|7)} that form an orthonormal basis such that

(il ) =0s (4.1)
(XI$) = (xli) (il (4.2)

all @

where d;; is the Kronecker-delta symbol defined as
1 i=j
5ij = ’ (4.3)
0 i#j

named after Leopold Kronecker (Fig. 4.1).
Additionally, we showed that all amplitudes obey

(x¥) = (¥Ix)" (4.4)

30Picture by Unknown author - http://www.britannica.com/EBchecked/media/28346/Kronecker-1865,
Public Domain, https://commons.wikimedia.org/w/index.php?curid=33753789
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These equations are very reminiscent of equations we get in linear algebra. Consider
the vector space R™ with an orthonormal basis {e;}. The analogue of (4.1) is

€;-€; = 57ij (45)

Similarly the analogue of (4.2) is

A-B=) (e;-A)e;-B)= EH:AZ-BZ- (4.6)
; i=1
where we have used the usual definition of vector components:
A=e-A (4.7
Finally, the analogue of (4.4) is
A.-B=B-A (4.8)

which looks slightly different because R™ only deals with real variables.
These similarities motivate us to think of the states |1)) as vectors in a complex vector

space with an inner product. These quantum mechanical state-vectors are commonly called
‘kets’. It turns out that the correct mathematical structure to describe quantum system is
Figure 4.2. David Hilbert?®!
Born: 1862 Koénigsberg,
Kingdom of Prussia

do is motivate its main properties and check if the definition and its consequences agrees Died: 1943 Goéttingen, German

the Hilbert space, named after the mathematician David Hilbert (Fig. 4.2). As usual in
physics we can never fully prove that this is the correct mathematical structure. What we

with experiment. In the rest of this chapter we will examine the physical interpretation Reich
Doctoral Advisor: Ferdinand

of the definition of Hilbert spaces, the properties of linear operators on those spaces, and .
von Lindemann

finally how observers are represented by this mathematical structure.

4.1 The definition of a Hilbert space

The full mathematical definition of a Hilbert space is as follows:

Definition 4.1 (Hilbert Space). A Hilbert space H is a (complex) vector space with
an inner product such that the norm defined by that inner product turns A into a
complete metric space. This means it obeys the following properties:

1. Vector Space: A vector space is a set which is closed under vector addition
and scalar® multiplication.

(a) Vector Addition: If |¢) and |x) are vectors then so is |¢) = [¢) + |x),
this operation obeys the following properties:
i. Commutativity: |¢) + |x) = |x) + )
ii. Associativity: |¢) + (|x) +9)) = (|9} + X)) + |¢)
iii. Existence of identity’: [¢) + 0 = |¢)
iv. Existence of inverse: |[¢)) + (—|¢))) =0
(b) Scalar Multiplication: If |[¢)) is a vector and ¢ a scalar then |x) = c|¢)

is also a vector, this operation obeys the following properties:
i. Associativity: a(b|¢)) = (ab) |¢)

31Picture by Unknown author - Possibly Reid, Constance (1970) Hilbert, Berlin, Heidelberg: Springer
Berlin Heidelberg Imprint Springer, p.-230 ISBN: 978-3-662-27132-2., Public Domain, https://commons.
wikimedia.org/w/index.php?curid=36302
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ii. Distributivity: (a +b) [¢)) = a|¥) + b|¢) and a(|Y) + |x)) = a|[¢) +
blx)
iii. Existence of identity: 1 [¢) = [¢)

2. Inner Product: The inner product is an operation that takes two vectors
|)) and |x) and returns a complex number (|¢),|x)). It obeys the following
properties:

(a) Complex commutativity: (1), |x)) = (|x), [¥))"
(b) Linearity: ([¢),alx)+b|$)) = a([¢),[x)) +b(|¢),|4))
(¢) Positivity: (|¢),[¢)) > 0, equality if and only if |¢)) =0

3. Norm: The norm is defined as |||[¢)]| = \/(|%) , [¢))-

4. Completeness: Every Cauchy sequence converges in the Hilbert space. That
is, every sequence |1)1) , [¢2) , ... that satisfies lim ||[s}),, — [#),,|| = 0 is con-
m,n— 00

vergent in the Hilbert space.

%In the context of quantum mechanics, the scalars will always be complex numbers
bWe will not make a distinction between the scalar 0 and the vector 0. This is a slightly sloppy
notation but entirely standard in the physics literature.

Let us examine the physical consequence of all these axioms in turn.

Linearity and superpositions Let us return to the example of the double-slit experiment—
by measuring which slit the electron went through we change the final distribution. A
similar phenomenon was also observed in the Stern-Gerlach experiment from Fig. 3.14—
when we filtered in the middle device we changed the state and allowed additional electrons
to go through.

The only way we can reconcile the outcome of these experiments is if we say that
the electron goes through both slits/beams at the same time. It cannot be in just one of
them otherwise measuring which slit/beam the electron traversed we would not change its
state. We call this phenomenon superposition and it is a fundamental property of quantum
systems.

Despite the counter-intuitive features of superposition we were still able to make con-
crete predictions. For instance, in the double-slit experiment, we were able to predict
the interference pattern by adding the probability amplitudes. In fact, that was the very
motivation for introducing probability amplitudes. The actual probabilities combine in a
complicated manner but amplitudes simply add. The same way that probability amplitudes
simply add for superpositions, we will interpret the addition of two kets as a superposition
between the corresponding states.

Going further, when we chained Stern-Gerlach devices at arbitrary angles we saw that
sometimes the results were uneven. It still behaved as a superposition but the probabilities
weren’t 50-50. In terms of amplitudes we could depict this by adding but with different
weights given to each state. Thus, not only is the addition of two kets representing super-
positions, but we can also use scalar multiplication to encode uneven superpositions, where
one of the states has a higher or lower probability than the other.

What is more, in the double-slit experiment we saw that the relative phase of the two
wave-amplitudes was what dictated if the interference was constructive or destructive or
something in the middle. This means that, if we are to describe interference effects, we
must allow for complex scalar multiplication.

The definition of a Hilbert space
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All in all, general linear combinations of kets are the mathematical way to represent
superpositions between the corresponding states. Scalar multiplication then encodes inter-
ference and/or uneven superpositions.

Inner product and amplitudes To interpret the inner product we first need to introduce
the concept of the dual space.

Definition 4.2 (Dual Vector Space). Given a vector space H its dual vector space H*
is the vector space of linear functions ()| : H — C. (4| is then called a dual vector.

In the context of quantum mechanics it is customary to call these dual vectors ‘bras’.
Because our Hilbert space is supplied with an inner product there is a natural identification
between bras and kets given by:

W) = @b = (19, 1) (4.9)

The number (1|x) is often called the bra(c)ket, motivating the nomenclature bra/ket for
(dual) vectors, this nomenclature and notation is due to Paul Dirac (Fig. 4.3).

This construction allows us to interpret the inner product of two vectors: (|1),|x))-
If we prepared the system to be in state |x) (think filtering only spin-up in the first Stern-
Gerlach device) and then we tried measuring whether it was in state |¢) (think filtering
through a second Stern-Gerlach device) we would find that this would happen with proba-
bility [(¥]x)]* = |(|#), |x))]>. Our previous notation for the amplitude was implicitly using
the action of the dual vectors to write the inner product in a simpler notation. It certainly
obeys (4.4), and we will see below that this inner product will also obey (4.1) and (4.2).

There is an important subtlety with Dirac’s bra-ket notation. The inner product is
only linear in the second argument, it is in fact anti-linear in the first argument:

(@h) +09), 1)) = a*(Ix), [¥)) + b"(16), [¥)) (4.10)

This means that the dual to a linear combination of vectors involves the complex
conjugate of the coefficients, that is:

aly) +blx) «— a” (Y[ + 0" (x| (4.11)

This subtlety would not have been apparent in the bra-ket notation. When it becomes
relevant we will return to the more mathematical inner product notation: ( , ).

Normalisability and positivity In order for probabilities to add up to 1 we have so far
only considered normalised vectors, that is, ones that obey

(Yl) =1 (4.12)

These normalised vectors trivially satisfy the non-negativeness of the norm, as required in
the definition of a Hilbert space.

But there is an ambiguity in this definition. If we multiplied the ket by a phase
|Y) — e [1)) then it would still be normalised. Further, even though amplitudes would
change, the probabilities |{x|) |2 would be identical after this transformation. This suggest
we should consider the kets |)) and e'®|¢) to correspond to the same physical state, as
they would yield exactly the same predictions.

32Picture by Nobel Foundation - http://nobelprize.org/nobel_prizes/physics/laureates/1933/
dirac.html, Public Domain, https://commons.wikimedia.org/w/index.php?curid=624401
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We should then consider the physical state as the equivalence class

for a€eR

[9) ~ e ) (4.13)

sometimes called a ray in the Hilbert space.

But be very careful, relative phases still matter, so you must be careful when doing
linear combinations of vectors. Even though

al) +blx) ~ e (aly) +bx)) (4.14)
we cannot change the relative phase in this superposition:
alp) +b|x) < aly) +e“blx) (4.15)

the physical predictions of the LHS and RHS are distinct.

If for any reason you are handed a vector which is not normalised you can always
multiply it by a scalar to ensure (¥|¢)) = 1. However, you can only do this if {(|¢)) > 0,
otherwise there is no complex scalar that you could multiply this vector to normalise it.
Vectors with negative norm cannot correspond to physical states and therefore should be
excluded from consideration. The zero-vector is also not normalisable but is useful for
mathematical manipulations, even if it will also not correspond to any physical state. The
other way vectors can be non-normalisable is if their norm is infinity. Although these
vectors are still unphysical, it is still possible to make sense of them by only talking about
ratios of amplitudes which might still be well defined. We will see examples of these kinds
of states when we discuss Hilbert spaces with continuous labels.

You can also just deal with non-normalised vectors (with non-negative norm). You just
have to modify how you calculate probabilities from inner products. Rather than |{x|¢) |2
the probability would be given by

[l

(Wl) (xIx)

In this expression the importance of positivity is even starker. If any of these vectors had

Py —x) = (4.16)

negative norm the probability would have come out negative.

Using non-normalised vectors the equivalence class is greater, rather than being re-
stricted to phases you are now allowed to multiply by any complex number

for ceC

) ~ clv) (4.17)

Confusingly, this equivalence class is also called a ray in the Hilbert space.

In either formulation, the Cauchy-Schwarz inequality ensures the assigned probabilities
are always less than 1. This inequality was first discovered by Augustin Louis-Cauchy (Fig.
4.4) but the modern proof is due to Hermann Schwarz (Fig. 4.5).

33Picture by Public domain - Library of Congress Prints and Photographs Division. From an illustra-
tion in: Das neunzehnte Jahrhundert in Bildnissen / Karl Werckmeister, ed. Berlin: Kunstverlag der
photographische gesellschaft, 1901, vol. V, no. 581., Public Domain, https://commons.wikimedia.org/w/
index.php?curid=7059486

34Picture by Louis Zipfel / Adam Cuerden - This image is from the collection of the ETH-Bibliothek
and has been published on Wikimedia Commons as part of a cooperation with Wikimedia CH. Corrections
and additional information are welcome. Public Domain, https://commons.wikimedia.org/w/index.php?
curid=142940682
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Theorem 4.1 (Cauchy-Schwarz Inequality). For any vectors |¢) and |x) in the Hilbert
space, the following inequality holds:

(1)1 < @) (x|x) (4.18)

with equality if and only if the vectors are linearly dependent: |¥) = a|x).

Proof. Let us define the following vector |p(s)) = |[¢) + sa |x) where s € R, and «
is defined such that |o| = 1 and a (¥|x) = [{(¥|x)|*. We then have

(p(s)p(s)) = ((¥] + sa™ (x|)(|¥) + sa|x)) =
= (W[Y) + sa* (x[¥) + sa (Y|x) + *[e (xIx) =
= (W) + 25| (Y1) + > (xIx) (4.19)

Unless |x) = 0 (in which case the proof is trivial), this is a second degree polynomial
in s. Because (p(s)|p(s)) must be non-negative for all s, this polynomial can at most
have one root for real s, therefore its discriminant must be non-positive which implies

A = 4 () (xIx) <O (4.20)

which is our desired conclusion.
Additionally, note that if we have an equality, then (p(s)|p(s)) = (||v|| + s||x|)?. If

so = —[[¥[l/llx|| then
(p(s)lp(s)) =0 = [¢) +soa|x) =0 (4.21)

and therefore the vectors are linearly dependent. O

oIf (1|x) = 0 then we can take oo = 1.

Bases and completeness A basis of a Hilbert space is a set of linearly independent vectors
{]#)} such that any vector |¢) € H can be uniquely written as

) =D _eili) (4.22)

However, before we defined Hilbert space we defined basis states as those that satisfy (4.1)
and (4.2). We will now show that if any two of (4.1), (4.2), and (4.22) are true then they
imply the third is also true.

For convenience we will denote

¥i = (i) (4.23)

Proving (4.1) and (4.2) imply (4.22). Because (x| in (4.2) is arbitrary we can just re-
move it to write an equation between kets rather than numbers:

) =310 filv) (424

which is (4.22) with ¢; = ;.

We can also easily show that the {|i)} are linearly independent. If they weren’t we

could write

i) = Z 1) (4.25)

The definition of a Hilbert space
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however, by acting with (k| on the left we get

(kli) =60 = > & (k) =Y Woy = o) = o) =du, (4.26)
J J

and therefore the {]¢)} are linearly independent.

Proving (4.1) and (4.22) imply (4.2). Take (4.2) with (x| = (i| and |¢)) = |j). We then
get
S Gl) (k1) = 7 Gy = b1y = (il) (427)
k k
Because (4.22) is linear, it is straightforward to generalise the above for any vectors,
thereby proving (4.2).

Proving (4.2) and (4.22) imply (4.1). We once more remove (x| from (4.2) to write it
as an equality between kets and then we choose |¢) = |i) to write

i) = Z 19) Gl7) (4.28)

because the {|i)} are linearly independent, it should not be possibly to write |i) as a
linear combination of |j) as above. The only possibility is that (4.1) is true.

All in all, this justifies why we were calling {|i)} ‘base states’. Any state in the Hilbert
space can be written as a superposition of base states. The coefficients of this expansion
also have a clear interpretation. Imagine we prepared our quantum system in the state |1)
and later we tried measuring which of the states {|i)} our system was in. According to our
previous interpretation we will find that the state |¢) is in the state |i) with a probability
given by

P — i) = [(i[0)* = |¢i]* = |es (4.29)

The coefficients in the expansion in base states give us the probability amplitude of finding
our system in each of the states. This relationship is known as the Born rule, after Max
Born (Fig. 4.6).

Note how in the above we never used the fact that there were a finite number of
base vectors, or equivalently that the Hilbert space had finite dimension. In fact, in most
physical applications we will need to consider infinite dimensional Hilbert spaces. This is
one of the reasons we had to specify the Hilbert space had to be complete. For a finite
dimensional Hilbert space with complex scalars, it becomes essentially C™ which is very
obviously complete. However, for the infinite dimensional case, without completeness it
would be quite hard to deal with expressions such as (4.22). One of the interpretations of
the completeness property, is that it allow us to use expansions in terms of base vectors
(and consequently the Born rule) even in the infinite dimensional case without having to
worry too much about it. However, we are physicists after all so we won’t worry too much
about these mathematical technicalities.

An important point is that bases are not unique. Let us take two orthonormal bases
{la;)} and {|b;)}, where i =1,...,n = dimH. We can then write

) =D wi las) = D vl [bi) (4.30)

i

35Public Domain, https://commons.wikimedia.org/w/index.php?curid=137838
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Figure 4.6. Max Born®
Born: 1882 Breslau, German
Empire

Died: 1970 Gottingen, Federal
Republic of Germany

Doctoral Advisor: Carl Runge


https://commons.wikimedia.org/w/index.php?curid=137838
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Using the orthonormality of the two bases we can relate the coefficients of |¢) in both bases

v = w5 (bilas) (4.31)

This equivalence is similar to how in the Stern-Gerlach experiment we could have used
either {|Tz),[{ )} or {|Ty),[{ v)}. In order to relate two different bases you just need
the n x n set of numbers (b;|a;). In particular these numbers also dictate how to relate the
elements of the two bases

|ai) = Z 1b;) (bjlai) (4.32)

Notice how the transformation of the kets is opposite to that of the basis elements. In
tensor language, we would say that the kets transform contravariantly, whereas the basis
elements transform covariantly.

We can also write bras in a basis:

(=2 (Wlai) fail = 3o {ail (4.33)

7

Its components are just the complex conjugate of the components of the corresponding
kets. We can therefore write the inner product as

W) =D (Wlai) (ailx) =Y o x¢ (4.34)

3 7

and their transformation under a change of basis as
OP = W (bilag)t =Y 5" (ailby) (4.35)
J J

which transform covariantly.

All of these expressions motivate a matrix understanding of bras and kets. Kets can
be viewed as column vectors and bras as row vectors. The change of basis is done by using
the following matrix

S = (bylas) (4.36)

so that

|bi> = Z |aj> Szbgl'l* = Z |aj> [Sba} Tji (4.37)

7 J
vt =3 sl 3
J
vt = 3wl = 3w s (4.39)
J J

just as we would expect from matrix algebra. We have denoted by T the combined action
of taking the complex conjugate and the matrix transpose. This is often called Hermitian
conjugate, after Charles Hermite (Fig. 4.7). We are also denoting matrices with square
brackets to distinguish from the linear operators defined in the next section.

In particular, in this notation, we can show the change of basis matrix [Sba] is uni-

36Picture by Eugeéne Pirou / Paul Dujardin - Correspondance d’Hermite et de Stieltjes, Paris, Gauthier-
Villars, 1905., Public Domain, https://commons.wikimedia.org/w/index.php?curid=120343802
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Figure 4.7. Charles Hermite
FRS FRSE®®

Born: 1822 Dieuze, Kingdom of
France

Died: 1901 Paris, French
Republic

Doctoral Advisor: Eugene
Charles Catalan


https://commons.wikimedia.org/w/index.php?curid=120343802
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tary>7

PIE sba = (bilax) (bjlar)” =Y (bilar) (ar|b;) = 6i; (4.40)
k k

k
This property of unitarity is what ensures the new basis is also orthonormal. In general a
change of basis matrix need only be invertible, but if it is not unitary, the new basis is not
properly normalised.

4.2 Linear operators on a Hilbert space

Previously, we removed (x| from (4.2) to write an equation between kets rather than
amplitudes. We can actually to one better and also get rid of the [¢) to write

Z i) =1 (4.41)

This is our first example of a linear operator acting on our Hilbert space, i.e. a function

A : H — H such that3®
Alaly) +b[x)) = aAl) +bA|x) (4.42)

The example in (4.41) is the identity operator that obeys 1 |¢) = [¢), V |¢) € H.

We will have more to say about the physical interpretation of these operators in the rest
of this chapter, but, for the moment, you can think about them as any sort of manipulation
you can perform on quantum states. Like combining any of the various kinds of SG devices
we introduced in the previous chapter. The assumption of linearity will be crucial to avoid
destroying the structure of the Hilbert space. Much later on in Chapter 14 we will see how
linearity will be what ensures quantum mechanics is local.

As with the kets, we can write operators in a given basis:

[9) = Alx) = (i) = (@A) =D (il Alj) (il = ZAuX] (4.43)

J
where we have defined the matriz elements of the operator A:
Ay = (i| Alj) (4.44)

This set of n? numbers completely determines the action of A on any ket. The name
“matrix elements” comes from the repeated action of operators. Let A and B be two
operators and define C' as the action of A and then B:

Cly) = BAY) (4.45)

the matrix elements of C' are given by:
S GlC) ;=Y (| BIk) (k| Alj)¢; = Cij = > BixA (4.46)
J Jk k

which means they follow the matrix multiplication rule. This also agrees with our previous
convention of denoting kets as column vectors and bras as row vectors, given operators act
on kets from the right and bras act on operators from the left. F.g. if the Hilbert space is

37Recall that a unitary matrix is one that satisfies [M][M]" = [M]T[M] = [1].

38In this text we will mostly reserve uppercase letters for operators and lowercase letters for scalars.
Nevertheless, neither we nor the literature is 100% consistent on this distinction so always pay attention
to the context to figure out whether it’s an operator or a scalar.
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3-dimensional we can write:

A A Az (xa

WIAR) = (w5 w5 v5) | Az Az Ass | [ o (4.47)
Asz1 Aszz Asz ) \xs

A very important consequence of these multiplication rules is that the order of opera-
tions matters. Matrix multiplication is, in general, not commutative!

AB # BA (4.48)
We can even define the commutator to be the difference between the two orderings:
[A,B]= AB — BA (4.49)

which, in general, does not vanish.

We can also derive a formula for the change of basis of an operator by demanding that
the amplitude (1| A |x) is unchanged under the change of basis:

Al = (bilar) Afy {arlby) =) SHEAL K (4.50)
Kl ¥l

or in matrix notation

[4%] = [5*][A] [s*]" (4.51)

The fact that a change of basis is represented by a matrix may entice you to define an
operator that performs the act changing a basis, but this cannot be done. Under a change
of basis the kets are the same, it is only the components that change. We are not mapping
kets to other kets like with a linear operator. The transformation laws for the components
were derived precisely under the assumption that the kets were left unchanged. The same
was true for the operators. In Section 4.4 we will delve more into actual transformations
that change the kets, and how they differ from changes in the basis.

Another crucial concept with regards to linear operators is the adjoint defined via3?

(1), AT 1)) = (A1), 1x) = (Ix), Al)” (4.52)

therefore
(W AT [x) = (x| Aly)" (4.53)

which means that, in terms of a basis:
T g
Al = A3 (4.54)

This is precisely the Hermitian conjugation we mentioned in the previous section. The fact
that in terms of the components the adjoint is the same as Hermitian conjugate is why
we used the same notation for both. In rigour they are not exactly the same operation,
especially for the infinite dimensional case. In the physics literature it is commonplace to
not bother with this distinction and use the terms “adjoint” and “Hermitian conjugate”
interchangeably, which I will also do.

There are a number of properties of the adjoint which are fairly easy to prove (Exercise:

39This is one case where Dirac’s notation is not very convenient.
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try proving them without resorting to a basis!):
(AB)' = BTAT, (AN =A, (aA)f =a*AT, (A+B)I = Al + BT (4.55)

Using these concepts we can define the following special categories of operators
Unitary An operator U is unitary iff UUT = UTU = 1, or alternatively UT = U~1.
Hermitian An operator O is Hermitian (also called self-adjoint) iff OT = O.
Normal An operator N is normal iff [N, NT] =0.

It is trivial to see that both unitary and Hermitian operators are normal. In terms of
components these definitions agree with the usual definitions of unitary, Hermitian, and
normal matrices.

We will see in the following sections how Hermitian operators will encode physical ob-
servables, and how unitary operators encode probability preserving transformations. Nor-
mal operators on the other hand are useful because of their spectral properties, i.e. the
properties of their eigenvalues and eigenvectors, which are the numbers A and kets |A) that
obey

N|A) =N (4.56)

Theorem 4.2 (Spectral Theorem). A linear operator N on a finite dimensional Hilbert
space is normal iff there exists an orthonormal basis of its eigenvectors.

The proof is a bit long, so it is relegated to Appendix A. Beyond the actual result, the
most important detail is that the proof heavily relies on sticking to a finite dimensional
Hilbert space. Under additionally assumptions, such as compactness or boundedness, we
can extend these results to infinite dimensional case. However, for a lot of physical applica-
tions those assumptions are actually not true. Nevertheless, there are a few tricks that can
be employed, if one is comfortable with leaving strict mathematical rigour, that will allow
us to ignore that the spectral theorem is quite different for infinite dimensional Hilbert
spaces.

In any case, we will usually want to pick an orthonormal basis that diagonalises some
normal operators of interest (usually unitary or Hermitian). But, diagonalising one normal
operator does not mean we have diagonalised all other normal operators; in fact, the
following theorem shows that we can only diagonalise two normal operators simultaneously
if they commute.

Theorem 4.3. Let A and B be two normal operators for which the spectral theorem
applies. Then we can find an orthonormal basis for the Hilbert space made up of
eigenvectors of both operators iff they commute.

Proof. Let |a) be an eigenvector of A. We can then write
AB|a) = BAl|a) = Bala) = aB|a) (4.57)

therefore the vector B |a) is also an eigenvector of A with eigenvalue a. If there are
no degeneracies, i.e. if for each eigenvalue of A there is only a single eigenvector
with that eigenvalue, then that means B |a) « |a) and we are done. The orthonormal
basis made up of eigenvectors of A will also be an orthonormal basis made up of
eigenvectors of B.

If there are several kets |a,) with the same eigenvalue a, then we have to be a bit
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more careful, as acting with B on one of these kets may yield a linear combination
of any of the other kets with the same eigenvalue, which means they may not be
simultaneous eigenvectors of B. However, acting with B on any linear combination
of |a,) will necessarily output a linear combination of these |a,). This means we
can apply the spectral theorem to this subspace and find an orthonormal basis of this
subspace made up of eigenvectors of B. Because every |a,) is an eigenvector of A with
the same eigenvalue, then every vector in this subspace will be a valid eigenvector of
A, including the orthonormal basis of eigenvectors of B. Applying this procedure to
every eigenvalue of A allows us to find an orthonormal basis of the Hilbert space of
simultaneous eigenvalues of A and B.

Conversely, if there are simultaneous eigenvectors of A and B, call them |ab) then we
can show that A and B commute

AB |ab) = bA |ab) = ba|ab) = aB |ab) = BA |ab) (4.58)

By linearity, if A and B commute on every basis vector they must commute on any

vector. This finishes our proof. O
4.3 Hermitian operators as physical observables

At this point in our construction of a framework for quantum mechanics we have states
which dictate probability amplitudes, and we have operators that encode actions on those
states. However, we do not have observables, i.e. measurable quantities that characterise
our system, like energy or position of a particle. That is the topic of this section. The
ultimate conclusion will be that Hermitian operators are how we can encode these observ-
ables.

In order to figure out how to encode observables into our framework we must use one of
the big lessons of the quantum revolution: you cannot neglect the action of measurement.
This means that we must encode the measurement apparatus into the very framework of
the theory. Long gone are the days where measuring a certain quantity had a negligible
influence on the system under study. Quantum systems are frequently so small that the
interaction of the measurement apparatus cannot be neglected. This poses a conundrum,
measurement apparatuses are themselves quantum systems, but we need them to build up
our theory, and that theory is needed for us to know how these measurement apparatuses
work. This circularity is the source of the common confusions and misunderstandings with
quantum mechanics and it will take until Chapter 15 for us to fully address it. In the mean
time, we will be physicists and take a “shut up and calculate” approach, and not worry too
much about these technicalities.

Let’s build intuition using the Stern-Gerlach experiment. We measured spins in two
different ways, with the ordinary and the modified SG devices. Let us first think of the
modified device. The way it worked is that we sent a particle in, it did something to the
state, and we either had a particle come out or not.

— i R ————

Figure 4.8. Example of a device which only lets through incoming particles with spin-up in the
y direction.

For some states the outcome was definite. For the device in Fig 4.8, if we sent an
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[t y) state then it always passed through, whereas if we had sent a || y) state it would
never pass through. For other states the outcome was uncertain, if we send a |1 ) state
there would be a 50/50 change of the particle passing through. Note that this isn’t any
ignorance due to the furnace, we can prepare the state so that we are certain it’s a |1 z),
(e.g. by first filtering with another modified SG device) and the result from Fig 4.8 would
still be uncertain*’. However, we know exactly what the probability that the state |1 z) is
let through, it’s given by the Born rule |(1 y|t z)|.

In any case, no matter the initial state, the end result is always a particle which is
definitely spin-up. Once we check what the spin is, repeated measurements would yield the
same answer. This motivates us to write the action of this device as a projection operator

IT = [T y)1 y (4.59)

Using this operator we can calculate the probability of the state |¢)) being spin-up by
computing (| IT |1). The only subtlety is that if we want the state after the measurement
we would need to rescale it to ensure it remains appropriately normalised*!. Barring this
normalisation subtlety, this action of projection ensures that repeated measurements yield
the same answer. The special states that have definite answers now appear as eigenstates
of this operator. There are two of them in this case: |1 y) with eigenvalue 1, and || y) with
eigenvalue 0.

But this is not all we can do. After all, in the original Stern-Gerlach experiment we
were able to just fully measure spin in the y direction. The outcome was still discrete
(we will deal with continuous observables in the next chapter), but the result wasn’t just
yes/no, we knew whether the particle had spin-up, spin-down, or, in fact, we would even
have been able to tell if it had different values for the spin. Like before, there were special
states which had a definite value of spin, and generic ones for which the value of the spin
was uncertain. But, regardless of the initial state, once we measured the spin, that was it,
future experiments would continue to yield that same value.

Let us imagine our experiment had a set of possible values {\;} for some observable
0. We will now show that for each of those possible values A\; we can find one more states
|A;, 7) which definitely yield the value A; when measured. The label r is accounting for the
possibility that there are multiple states that definitely yield the value A;, i.e. that there
are degeneracies. Further, we will be able to show we can organise those |A;,r) into an
orthonormal basis of the Hilbert space. Assuming that the values \; are real, because we
are measuring them with in an actual real laboratory, this will then allow us to argue that
we can represent O with a Hermitian operator. Along the way, all we will need to assume
is that any state in a superposition of |A;,r) with different \; can yield any option \; with
probability given by the Born rule, and that repeated measurements yield the same value.

Firstly, let us argue that for each possible value \; there is at least one definite-value-
state that yields that value. There are two ways that statement could be false: either no
state yields that value, or some states yield that value but the outcome is not definite. In
the first case, then \; is not a possible value for O because it is impossible to obtain it,
so we should remove it from the set. In the second case we use the repeated measurement
hypothesis. Take one state that can yield A; but not with certainty, after the act of

40You might wonder if there is still some chance of this probability being a product of some classical
ignorance. Perhaps there are other variables beyond spin that would need fixing before we knew the answer.
Alas, this is not the case, any such hidden variables theory would have to be non-local as demonstrated by
Bell’s theorem in Chapter 14

41Properly setting up a quantum system that reproduces this sort of action is quite tricky and not fully
understood, an introduction to this topic is given in Chapter 15
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measurement whatever state comes out must yield the value \; with certainty upon repeated
measurements. This is exactly the definite-value-state we were looking for.

Now we will argue that the states |A;, ) can form an orthonormal basis of the Hilbert
space. First, let us consider the case when there are no degeneracies so that each value
A; corresponds to exactly one state |A;) that definitely yields that value. If these states
weren’t linearly independent, then we could write one as a linear combination of the others,
e.g. |As) = Z#s |A;). But this is just a superposition, which, by construction, does not
have well defined outcomes. This is a contradiction, so we conclude these states must be
linearly independent. Further, to avoid contradictions within the Born rule the states |A;)
must be orthogonal, otherwise we would stay that there is a probability |<)\j|)\i>|2 for the
state |\;) to yield the value A;, which would also contradict the definite-value assumption.

If, as argued above, the states |\;) are all orthogonal and linearly independent, then,
at most, there are as many values \; as there are dimensions in the Hilbert space. If
those two numbers match then we are done, the states |\;) form an orthonormal basis of
the Hilbert space. If there are fewer \; than dimensions of the Hilbert space then either
there are degeneracies, or some states do not yield any of the values {\;} upon measured.
Whatever result those states yield must be added to the set, including for instance the
value 0 if the state is destroyed, i.e. if it becomes the 0-vector. After we have added the
missing possibilities we either end up with degeneracies or we have exactly as many A; as
dimensions of the Hilbert space.

Now let us consider the case when there are degeneracies. The above argument for
linear independence and orthogonality still hold for states corresponding to different values
i, but do not hold for the states |\;,r) with the same \; but different r. Additionally,
we will add every possibly outcome to the set {\;} so that every state must yield one of
those values. In particular, this implies that any state can be written as a superposition
of |A\;,r), that is what is implied by the Born rule. So we can definitely construct a basis
from {|\;, )} the only question is orthonormality.

Take a the span of {|\;,r)} with the same \; but different r. All of these states must
definitely yield the value );, no matter how the superposition is constructed, given the
Born rule gives probability 0 for all other values A;. We can just take this subspace and do
Gram-Schmidt to find an orthonormal basis of this subspace. Doing this for every value
)i, together with the above arguments for the orthogonality of kets belonging to different
values yields our desired orthonormal basis.

All in all, we can find an orthonormal basis of the Hilbert space made up of states with
a definite value for O. The considerations of repeated measurements suggest we should
build our observable action from the projectors |A\;}A;|*2. In a generic state |¢)) we don’t
know what value it will have, but we know the probability of obtaining each value, so we
can calculate the expectation value of O in the state |¢)

(0) = D NI = DA (WIha) () = (i (Z A |A:-><Ai|> ) (4.60)
This motivates defining the observable as

This certainly gives the correct value for the definite states, which now arise as the eigen-

42We’re dropping the label r for ease of notation, this doesn’t affect the conclusions, we would just have
to add sums over r in many of the following equations.
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states of the operator O, and it also gives the correct value for the expectation values in
generic superpositions. We haven’t completely proved this definition will work for every
case but we have hopefully provided sufficient motivation. As with everything in physics,
we need to make motivated assumptions which then must be compared with experimental
results.

All in all, we have concluded that our observables can be represented with operators,
such that we can form an orthonormal basis from its eigenstates all of which with real
eigenvalues. This means these operators are Hermitian, OT = O. If the spectral theorem
holds then checking for Hermiticity is enough to guarantee the above properties of unitary
diagonalisation with real eigenvalues. Checking whether an operator is Hermitian is much
easier than diagonalising it, so it is customary to flip this argument on its head and just
define observables in quantum mechanics as Hermitian operators. This is why Hermitian
operators are so important, they correspond to the physical observables in our theory.

In the infinite dimensional case, all of this is a bit trickier, especially when dealing
with continuous variables. Nevertheless, remember that all of this is merely so that we
can say things about observables in some generality. An actual observable is something we
measure, Hermitian operators are at best candidates for observables. It will always be a
case-by-case analysis. This is why we will not worry too much about these subtleties with
the spectrum of Hermitian operators in the continuum. Nevertheless it will still come back
to bite us when we discuss the free particle in Chapter 7.

Before we move on to unitary operators, let us consider functions of observables. These
can be defined by their action on eigenvalues:

£(0) = Z FOu) XA (4.62)

Don’t forget that the act of taking a function does not commute with the act of taking
the expectation value:

(£(0)) # f({O)) (4.63)

in particular
(0%) #(0)? (4.64)

which allows us to define the standard deviation/uncertainty of the measurement of an
observable on a given state:

AO = <(o - <0>)2> (4.65)

This uncertainty is not an artefact of our measurement apparatus. Even in an idealised
measurement, there is a fundamental quantum statistical uncertainty in our measurement
of the quantity O. Some states simply have a range of possible values for O, regardless of
how we try to measure it.

If two observables A and B commute then we can find a basis such that all the basis
vectors will be eigenvectors of both A and B. This means that for all these vectors we can
measure both quantities with definitive answers. We call two observables that obey such a
relation compatible.

If, however, these two observables A and B don’t commute, it turns out to be impossible
to measure both quantities. Measuring one of them will inevitably ruin any measurement
of the other. The quantitative version of this statement is the Heisenberg uncertainty
principle, first discovered for the case of position and momentum but later generalised for
any two non-commuting observables.
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Theorem 4.4 (Heisenberg Uncertain Principle). For two observables A and B which do
not commute, their uncertainties obey:

AA-AB > %|<[A,B]>| (4.66)
Proof. Let us define the following states
[Ay) = (A= (A) [¥), [By)=(B—(B)) ) (4.67)

then we can write (exploiting the fact A — (A) is also Hermitian, and similarly for B)

AA = /(Ay|Ay), AB=/(By|By) (4.68)

Using the Cauchy-Schwarz inequality, we can then write
AA-AB > [(Ay|By)| (4.69)

For any complex number we have

1 1
—(z—2") :§|z—z*| (4.70)

ol = VR + Tm(2)2 > /Im(=)? = [Im(z)]| = '21

therefore

AA-AB > (Al By) — (BylAy)| =
=51 GIAB — A(B) ~ (4) B+ (4) (B))|y) — (4 & B)| =
=5 WIABIY) — (01A1) (B) — (4) (WIBIY) + (4) (B) (ply) — (A +> B)| =
—5I(AB) — (4) (B) — (4) (B) + (4) (B) ~ (A > B)| =

—51(AB) — (BA)| =

1

51{[4, B])| (4.71)

O

If we are silly enough to try to measure non-commuting observables the product of
their variance is controlled by the commutator. If we measure observable A very precisely
then we must have a very large variance for observable B and vice versa. Indeed, the fact
we couldn’t measure spin in the z and y simultaneously is evidence that the spin operator
in the z direction does not commute with the spin operator in the y direction. A fact we

will derive later on.

4.4 Unitary operators as probability preserving transformations

When we discussed normal operators we also defined two special cases: Hermitian and
unitary operators. In the previous section we saw how Hermitian operators encode physical
observables. In this section we will see how unitary operators encode probability preserving
transformations. These will be crucial when we come to discuss symmetries of quantum
systems.

Let us take a unitary operator U, we can apply it to every operator in the Hilbert
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space:

W) = ') =U ) (4.72)

Despite this transformation potentially changing every ket in the Hilbert space, every
amplitude is left invariant

X[y = (I UTU ) = (x|) (4.73)

Therefore, the transformation defined by the unitary operator U, does not change the prob-
ability structure of the Hilbert space. We call this a probability preserving transformation.

In fact, Eugene Wigner (Fig. 4.9) showed in 1931 that there was some uniqueness to
this correspondence in what has become known as Wigner’s theorem.

Theorem 4.5 (Wigner's theorem). Any invertible transformation of the kets in a

Hilbert space [)) — |¢') which leaves the transition probabilities |(x|)|* invariant

Figure 4.9. Wigner Jend6 Pal
aka Eugene Paul Wigner*?
Born: 1902, Budapest,

Austro-Hungarian Monarchy

can be represented by an operator which is either:

o Linear and unitary. That is one which obeys U(a |¢)) +b|x)) = aU |[¢) + bU |x)

and (U [¢),U |x)) = (|1¥),[x))- Died: 1995 Princeton, United
States of America
o Anti-linear and anti-unitary. That is one which obeys U(a|¢)) + b|x)) = Doctoral Advisor: Michael
a*U |4) +b6*U [x) and (Uy), U |x)) = (1), [x))" Polanyi

The latter option, of anti-linear and anti-unitary operators, turns out to always involve
a reversal in the direction of time. We will not consider that option in this volume and
therefore restrict ourselves to the linear and unitary case. The proof of this theorem is
presented in Appendix B.

One very important point about these transformations is that changing a basis is not
an example of a unitary transformation. Under a change of basis the kets are unchanged
it is merely their components that change, whereas under (4.72) the kets do change. A
stark difference can be seen in how matrix elements of operators transform. Under (4.72)
we have

(XIA ) = (| AlY) = (x| UTAU |¢) (4.74)

Once again, note how matrix elements change under a unitary transformation, whereas if
we had just changed bases these would be left invariant.

But (4.74) motivates a different way to look at unitary transformations. Given prob-
ability amplitudes are left invariant, the only thing that changes is the matrix elements.
Therefore, instead of applying the transformation to the kets we could apply them to the
operators:

A— A =UTAU (4.75)

such that
(X| Alp) = (x| A" [9) = (x| UTAU |) (4.76)

exactly like before. This point of view is called passive, whereas the version where you
change the kets but keep the operators fixed is called active.

Contrast (4.75) and (4.51), the 1 is on different places in either case. The way an
operator transforms under a unitary transformation or a change of basis is precisely the
opposite. This specific difference is because under a unitary transformation you either
change the kets or you change the operators, not both. Whereas under a change of basis

43Picture by Nobel foundation - http://nobelprize.org/nobel_prizes/physics/laureates/1963/
wigner-bio.html, Public Domain, https://commons.wikimedia.org/w/index.php?curid=6141135
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you must change both the ket components and the operator components in order to ensure
every matrix element stays invariant.

However, there is a way in which the two can appear related, which is also the mo-
tivation behind the active/passive nomenclature. Imagine A was Hermitian, and further
imagine that we were using the eigenkets of A as basis {]a;)}. In the active version of the
unitary transformation, while the state kets transform via

) = U ) (4.77)

our basis of eigenkets of A does not transform.
|ai) = lai) (4.78)

This is because A has not transformed, so its eigenkets will be the same as before.

In the passive point of view, the state kets are left invariant, but A will transform
A— A =UTAU (4.79)
which means the eigenkets of the new operator A’ will now have to be
lai) = U |as) (4.80)

because
Alla}y = UTAUUT |a;) = UT Alay) = ;U7 |a;) = a; |al) (4.81)

Even though the state kets were left invariant, because A transformed the eigenkets also
transformed. If we insisted on using eigenkets of A as our basis we would see our basis
transform under the inverse of the unitary transform.

This is why we called the two points of view active and passive. In the active point of
view we are moving the kets and leaving the basis unchanged. In the passive point of view
we are leaving the kets where they were, but changing the basis in the opposite direction.
Making an analogy with rotations in classical physics, in the active point of view we are
rotating the actual object while keeping the axes fixed, and the passive point of view we
are leaving the object where it was but moving the axes in the opposite direction.

A A
. N\ \l

Figure 4.10. On the left we have an active rotation: the square is rotated 45° anti-clockwise
while the axes are fixed. On the right we have a passive rotation: the square is kept fixed but the
axes rotate 45° clockwise. The end result is equivalent
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There are two limitations to this analogy. Firstly, in the passive point of view we
actually do change something about the system: the operators. And in fact, these are our
observables so we're not truly leaving the object where it is. Secondly, we are only changing
the basis with the inverse transformation because we want to. Nothing is stopping us from
using whatever basis we wanted, we don’t have to use the eigenkets of A as a basis. The
passive point of view is not reducing the unitary transformation to a change of basis.

This section may have been a bit abstract but these kinds of unitary transformations
are ubiquitous in quantum mechanics. They can represent spatial translation, rotations,
parity, or even some internal symmetry like isospin. We will see later that time translation
is also encoded as a unitary transformation, which is what will allow us to write equations

of motion for quantum mechanics.

5 Quantum mechanics for continuous variables

While the theory discussed above in principle applies for infinite dimensional cases we
have always assumed that the bases could be written with a discrete label. However, in
many physical applications this will not be the case. For example, in Chapter 2 we were
measuring the position of an electron, which certainly seems to be a continuous variable.
This chapter will focus on how to deal with these continuous observables like position or

momentum.

5.1 The wavefunction in position space

The components of a state in terms of a discrete basis were given by:

Vi = (i|v) (5.1)

Now, we shall swap i by the position x of the particle, and make it continuous. Because of
this change, the components v; can no longer be written as column vectors, they instead

become functions:
Y(z) = (z|) (5.2)

This representation of the state is so important it gets a special name: wavefunction. In
fact, it is not unusual to use the word wavefunction as synonymous with quantum state,
even when we are not in the position basis.

Previously we interpreted |i;]|* as the probability of finding the state |¢) in state i)
after a measurement. As is standard in probability theory, when we are dealing with con-
tinuous variables, we instead deal with probability densities. This is because the probability
of finding a particle at position = exactly will be zero for well-behaved probability distri-
butions. We must instead ask for probability of finding the particle in a certain interval of
positions. We then interpret |1/J(x)|2 dz as the probability of finding the particle between
z and x + dx. The normalisation requirement will then read:

[astv@r =1 (5.3)

We have purposefully left the limits of the integral unfixed. In certain applications they
will be finite, in others we will wish to integrate over the whole real line. In either case
we see that our Hilbert space will the be the space of square-integrable functions usually
denoted by L?(a,b), where (a,b) denote the limits of the integral. The inner product is

44



QUANTUM MECHANICS FOR CONTINUOUS VARIABLES The wavefunction in position space 45

defined as:
Wi = [ dov @) (5.4)

You can check that this space satisfies all of the requirements of a Hilbert space.

The only thing left to do is to figure out how operators act in this basis. Let us first
think of position. Intuitively it is clear that the expectation value for the position of a
particle should be:

) = [ dzalp(@)P (5.5)

where we are denoting the position operator by X.

With the above expression in mind we can define the position operator by:

(x| X [¢) = X¢(2) = wijp(x) (5.6)

it is not too hard to show that this operator is Hermitian, which means it is a good
candidate for an observable.

And what are the eigenvectors of this operator? Its action on generic ¥(x) is quite
simple but not simple enough. In order for a function to classify as an eigenvector of X, the
action of X on that function must be the multiplication by a number, but x is a function
rather than a fixed number. Intuitively, these eigenvectors must be functions so peaked at
a particular value of x = y that multiplying by the function x is the same as multiplying
by the number y.

An easier way to understand these eigvenctors is by using bras and kets. In this
notation, the eigenvector of X with eigenvalue y can be written in the position basis as

(z[y) (5.7)

which is just the inner product between two base states! According to (4.1), when we
are taking the inner product of two base states we get the Kronecker-§. We just need to
generalise it to the continuous case.

We might not be able readily generalise (4.3), but we can notice that it is equivalent
to defining d;; as the unique object such that

D by = (5.8)
i

Making the sum an integral we then define (z|y) = d(z — y) as the unique object such
that*?:

/&wu—wwmzw@> (5.9)

This object is called the Dirac-6%> and is our continuous analogue of the Kronecker-6.

It is straightforward to prove the following properties:

L 5@) = 5(—2) = 6(x)

44You might wonder we we wrote §(z — y) with a single argument rather than something like §(x, y). Tt
is not too hard to show that the two definitions agree, you just have to do a change of variables in the
integral.

451t is also sometimes referred to as the d-function. However, as we will see shortly, it is in fact not a
function. We will therefore avoid such nomenclature.



QUANTUM MECHANICS FOR CONTINUOUS VARIABLES The wavefunction in position space 46

1 1
3. §(g(x)) = Z ——6b(x —xp) = 0(z® —a®) = (0(z —a)+d0(x —a))
o 0

Additionally, we can capture the intuitive idea that the eigenstates of position should
be sharply peaked by realising that we can represent the Dirac-d by the following limit:

z2

(5.10)

d(z) = lim

e—0 g\/27r

to show this we just need to consider the following integral:

[ dwvta) e 3 - / dy —— e 5 (ey) =% / dy——e% = (0) (511

For finite € we can graph this function and see that as ¢ gets smaller and smaller we
see that it gets more and more peaked around x = 0, Fig. 5.1.

(a)e=1 (b) e=04 (c) e=0.15

Figure 5.1. Plots of (5.10) for different values of the parameter e. We can see how as € — 0 the
function is more sharply peaked around = = 0.

In fact, for z # 0, we can see that

1 N
e 22 =0 5.12
=0 /27 ( )
therefore 6(z) = 0 for x # 0.
However, the limit diverges for x = 0:
1 22 1 e—0
e 22 = S 5.13
eV2m s=0 €V2T ( )
The analogue of (4.3) becomes
0 0
5(x) = i (5.14)
oo =0

which is clearly not an ordinary function.

The Dirac- only makes sense under an integral (or the promise of one), because that is
when we can apply its defining property (5.9). Objects like this that only make sense under
an integral are described by the theory of distributions. We won’t get into too many details
regarding this mathematics except to point out one must be careful when manipulating
the Dirac-é to avoid getting nonsensical results. For example, the square of a Dirac-d does
not make sense:

/ dz 6(2)5(z) = 6(0) = oo (5.15)
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Consequently, the Dirac-d is not square-integrable. But this means the kets |x) are not
even in the Hilbert space! They are not normalisable:

(z]z) = 8(0) = 00 (5.16)

This is precisely the sorts of issues we can run into with infinite dimensional Hilbert spaces.
X is a perfectly sensible Hermitian operator, however, its eigenvectors (if you can call them
that) are not in the Hilbert space. Our candidate for the position operator seems to not
be unitarily diagonalisable.

This seems worse than it actually is. What it means physically is that we can never
truly prepare eigenstates of position, they are not physically attainable states. Nevertheless,
we can still use normalisable wavefunctions ¢ (x) without any issues, and we still have access
to the expression

/dm )| = 1 (5.17)

since

W) = [ e @xta) = [ do ) ol (5.9

So, even if |z) are not in the Hilbert space, we can still deal with them. For instance,
despite not being square-integrable we can still consistently fix their normalisation via the
equation

(zly) = 6(z —y) (5.19)

with the definition (5.9).

Using these tricks we can deal with more generic operators via expressions like:

(] Ay = / dr dy (x|} (z] A ly) (yl) = / de dy x* (2) A(z, ) (y) (5.20)

Linear operators can then be identified as integral operators. But this doesn’t seem
completely generic. Take for example the action of taking a derivative:

(x| D[v) = Dijp(x) = ¢' () (5.21)

This is certainly a linear action on our Hilbert space, so it should also be included in
our definition of linear operators, but it seems like it acts in a completely different way.
Nevertheless, there is a way to relate the two if we define derivatives of the Dirac-9.

You may think I have gone completely mad. The Dirac-d isn’t even a function, how

can we possibly define its derivative? The trick is to use integration by parts:

/d.’E 51(117)f(f17) _ */dl? 5($)f/(117) _ 7fl(0) (522) Eli{gsgé‘e 5.2. Oliver Heaviside

Born: 1850 Camden Town,
where we have discarded the boundary term because 6(x) = 0 for « # 0. This is a perfectly ~ United Kingdom of Great Britain
well defined object, or at least as well defined as the Dirac-§ itself. This way of taking and Ireland
Died: 1925 Torquay, United

.. . . . . Kingdom of Great Britain and
take derivatives of basically any function at all. In fact, another way of defining the Dirac-  Northern Treland

derivatives via integration by parts is called distributional derivative and will allow us to

0 is as the distributional derivative of the Heaviside step function, named after Oliver
Heaviside (Fig. 5.2):
5(z) =0'(z) (5.23)

46Picture by Unknown author - IET Archive, Public Domain, https://commons.wikimedia.org/w/
index.php?curid=13673594
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where
0 =<0
f(z) =L z=0 (5.24)
1 >0
We can then write
_dy(z) dip(y) /wu—w
Dijp(z) = dr /dy S(x Q)Ty = Td’(y) (5.25)
and therefore define
dé(z —y)

(z| Dly) = D(z,y) = — (5.26)

dy
Using derivatives of the Dirac-§ we can see that we can write any differential operator

as an integral operator. So our definition of linear operators as integral operators was in
fact fully generic. We will seldom use this fact and instead more often write

d

D=—
dx

(5.27)

for simplicity. It is nevertheless important to note our understanding from the discrete
case still holds.

5.2 The wavefunction in Fourier space

As the name and the double-slit experiment from Chapter 2 suggest, the dynamics of the
wavefunction will often resemble that of waves. As you may be well aware, when wish
to deal with wave phenomena it is a smart idea to Fourier transform, so let us study the
wavefunction in Fourier space. These tools were first developed by Joseph Fourier®” (Fig.
5.3) to help solve the heat equation.

There are a number of conventions for Fourier transforms around, we shall adopt the
following. The Fourier transform of the function () is given by:

D(k) = / dz e~k () (5.28)

The variable k is called the wavenumber and is related to the wavelength by

27

k 5.29
- (5.29)
The inverse of the Fourier transform is then
dk .~
= | —e™Y(k 5.30
vla) = [ Greei (530)

In this way integrals in Fourier space always carry factors of 2.
In particular the Fourier transform of a Dirac-d is given by

/dﬂc e hrs(r) =1 (5.31)

47Not to be confused with Charles Fourier, the socialist philosopher who coined the term "feminism".
As far as I could verify there seems to be no relation between them except having coincidentally identical
surnames.

48Pjcture by Julien-Léopold Boilly - This file was derived from: Fourier2.jpg. Restored by: Bammesk.
Original source: https://www.gettyimages.com.au/license/169251384https://wellcomecollection.
org/works/b4qh352u, Public Domain, https://commons.wikimedia.org/w/index.php?curid=114366437

Figure 5.3. Jean Baptiste
Joseph Fourier*®

Born: 1768 Auxerre, Kingdom of
France

Died: 1830 Paris, Kingdom of
France

Academic Advisors:
Jean-Baptiste Biot, Joseph-Louis
Lagrange
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and therefore, the inverse Fourier transform of this expression gives

dk eikm

Sk = b(a) (5.32)

giving yet another representation for the Dirac-9.

Finally, we can also write the inner product in this space

W) = [ de @)@ = [ do SR ()00 -

/%27&'5@ — k)lzj*(k)i(Q) =

5/%&@&@ (5.33)

where in going to the second line we used (5.32) with the roles of k and x interchanged.

All of these results are exactly what you would expect from a change of basis from
{lz)} to {|k)}. We define:

&mzwmsz@m@m=/M%mwm (5.34)
which gives us
(k|z) = e~ ke (5.35)

The states {|k)} have a slightly different normalisation than {|z)} due to our factors
of 27 in the definition of the Fourier transform.

(klg) = /dx (k|z) (z|q) = /dx elFreiar — 2wd(k — q) (5.36)

The way to remember these factors is to keep in mind that the measure in Fourier space
is dk /27 rather than just dk.

One of the big advantages of the Fourier basis is that derivatives act much more simply.
Keeping in mind our expression (5.26) for the action of a derivative we can write:

DW@EWDM=/M®W@MDM@W=/M®€MM%WW=

i — i : iqy
- - /dl’ dy e_lkxcw(:gyy)elqy — /dl’ dy e—lk:z(s(x . y) dzy _

:/dx dye 5 (z — 5)igel?? = iq/dx @~k — igon6(q — k) (5.37)

where in the second line we integrated by parts, using the fact that d(x — y) vanishes for
x # y to discard the boundary term. In the last line we first integrated over y using the
definition of the Dirac-d, and then we integrated over x using (5.32) with the roles of k and
z interchanged.

Therefore q
~ o~ q ~ ~ . ~
(k| Do) = Dy(k) = [ 5_D(k,q)¥(q) = ik (k) (5.38)
so we usually write it more simply as
D =ik (5.39)

Derivatives become just multiplication by ik. In fact this allows us to define the
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operator K = —iD such that

(k| K [¢) = Kp(k) =k (k) (5.40)
which, in the position basis becomes

(@)

(o] K 9) = —i"

(5.41)

The reason for defining this operator is that D is not a Hermitian operator but K is.
This is trivially seen by the representation in Fourier space but we can also show this in
the position basis with a little more work.

(| KT Ix) /dx Kiy(x /d.’L‘ldw* (z) =
, dx(z)
= — = X :
/dxw (x)( i e > (V| K |x) (5.42)

where in going to the last line we integrated by parts, discarding the boundary term as

both ¢ (x) and x(z) are square-integrable and therefore must vanish at infinity.
Similarly, the position operator X can be written in the Fourier basis in the following
way (check!)

(k1 X ) = i 2200

We have two observables, the position and the wavenumber. Could we measure them

(5.43)

simultaneously? The only way to find out is by calculating their commutator, [X, K]. Let
us do so in the position basis:

@) ) = i) (5.44)

(X, Kl(2) = XK ip(z) — KXp(w) = —lw— = i

therefore
[X,K] =i (5.45)

which is non-zero! We cannot measure both X and K with absolute precision. In fact, we
can use the Heisenberg uncertainty principle to write

1

AX-AK > Z[(X, K| = 5 (5.46)

N =

This is a well known result in signal analysis and can be intuitively though of in the
following way. If we have a function with a very well defined value for K that means it is
a wave like Fig. 5.4. But this function is completely de-localised in space!

\ /\ f / |
AR

Figure 5.4. Sinusoidal wave: the wave number is known precisely but the position is not.
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But if we try to localise it in space, like in Fig. 5.5, we no longer have enough peaks
to have an accurate value for the wavenumber.

1.5
1.0F
05
0.0
-0.5F

-1.0

=1.5
—-10

Figure 5.5. Localised wavepacket: the position is known precisely but the wavenumber is not.

We even saw this in the Fourier transform of the Dirac-d. As an eigenstate of the
position it has a completely determined value for the position, but its Fourier transform is
a constant! It is equally likely to measure any value of the wavenumber, it is completely
de-localised in Fourier space.

5.3 Momentum in quantum mechanics

We have explored how position is represented in quantum mechanics but what about mo-
mentum? Somewhat disappointingly, there is no way to derive how momentum appears in
quantum systems, we have to just postulate it and see the consequences. The way to do
it is to unearth the proposal by Louis de Broglie all the way from Chapter 1 that related
the momentum and wavelength of the electron:

= — 5.47
p=x (5.47)
where h is the Planck constant. Recalling the relationship between wavelength and wavenum-
ber (5.29), and promoting the wavenumber to the operator defined earlier (5.41) we pos-
tulate that the momentum operator is given by

P =hK (5.48)

where i = h/27 is the reduced Planck constant as before. This relationship cannot be
derived theoretically. It must be taken as a fundamental postulate of quantum mechanics.

Despite not having a theoretical derivation, it still needs experimental verification. To
do so, take a plane wave wavefunction:

YP(z) = elh” (5.49)

which is an eigenstate of K with eigenvalue k. If we found a way to measure both its
momentum and its wavenumber we could verify (5.48). But we already have such an
experiment: the double-slit experiment from Chapter 2!

Historically, rather than doing the double-slit interference experiment, Clinton Davis-
son (Fig. 5.6) and Lester Germer (Fig. 5.7) sent electrons through a crystal of nickel which

49Picture by Nobel foundation - http://nobelprize.org/nobel_prizes/physics/laureates/1937/
davisson-bio.html, Public Domain, https://commons.wikimedia.org/w/index.php?curid=6186817

50Picture by Credit Line: AIP Emilio Segré Visual Archives - https://repository.aip.org/
islandora/object/nbla’,34297939, Copyrighted free use, https://commons.wikimedia.org/w/index.php?
curid=148262492

Momentum in quantum mechanics

Figure 5.6. Clinton Joseph
Davisson*®

Born: 1881 Bloomington, United
States of America

Died: 1958 Charlottesville,
United States of America
Doctoral Advisor: Owen
Richardson

Figure 5.7. Lester Halbert
Germer®’

Born: 1896 Chicago, United
States of America

Died: 1971 Shawangunk Ridge,
United States of America
Doctoral Advisor: Clinton
Davisson
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exhibits a diffraction patter. From this diffraction pattern they were able to measure the
wavelength of the incoming wavefunction. To measure the momentum they just had to
measure the energy of the beam of electrons. More specifically, combining the relation
between the wavenumber and the wavelength

27
k=— 5.50
. (5.50)
and the non-relativistic kinetic energy
2
p
EFE=— 5.51
o (5.51)
we get
h
A= (5.52)
2mFE

And lo and behold this is precisely the wavelength measured by Davisson and Germer.

To fully establish this law we not only need to measure the relationship for an electron
but for all kinds of particles to really ensure % is a constant of Nature. This is also verified
experimentally.

It appears then that the Planck constant and de Broglie’s guess were not just some
temporary crutches on the road to quantum mechanics. This relation® is instead a deep
fundamental fact of nature. Let us plug in some numbers to get our heads around this.
If we take an object with mass ~ 1 kg, travelling at a velocity of ~ 1 m/s, then the
wavelength associated with this particle is ~ 7 x 1073* m. Which is quite small! This
smallness explains why in day-to-day life we never experience wave-like phenomena, the
wavelength is so small that it becomes completely negligible. Only for atom sized and
smaller objects will the wavelength be more significant. For example, an electron travelling
at ~ 1 m/s will have a wavelength of ~ 7 x 107* m, a much more reasonable length scale.

The reasoning above is the usual story told about the Planck constant and, while
largely correct, is missing a subtlety. The value for the Planck constant is completely
arbitrary. It entirely depends on the system of units in use. In fact, nowadays, the value
of the Planck constant is not merely known approximately, it is defined to be ezxactly

h = 6.626 070 15 x 1073* J s (5.53)

which is then used to define the kilogram. Choosing a different value would have resulted
in a different definition of the kilogram, the physics would be unchanged.

But why did we pick 6.626 070 15 x 10734 J s? This value was chosen to agree with a
historical definition of the kilogram in terms of a reference weight. This reference weight
was itself chosen so that 1 litre of water at room temperature weighed 1 kilogram. This
historical definition is actually more enlightening. It was chosen to be a sensible mass scale
for human beings. 1 litre is a very normal amount of water to carry around, so we all know
how much a kilogram weights. Our weight is itself a few dozen kilograms. And this is also
true for the second and the metre. The second is a very natural amount of time to count
in, and human beings are between 1 and 2 metres tall. They are all set to be convenient
numbers for everyday use by humans.

The smallness of the Planck scale then appears to not be a statement about Nature
but a statement about us. It is not that atoms are small, we are the ones who are big! It
doesn’t tell us that quantum objects are small, it tells us that we the humans are much

51 And the related energy-frequency relationship which we will delve into in the next chapter
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bigger than quantum scales. The true value of & is not ~ 10734 it is®?
h=1 (5.54)

The de Broglie relation then tells us that momentum is wavenumber. The two aren’t
just related, they’re one and the same.

P=K (5.55)

The units in which A =1 (and ¢ = 1 and kp = 1) are called “natural units” and are
the most common units in use in active research. In this context energy, mass, frequency,
momentum, wavenumber and temperature all have the same units. We still need to fix
one of them, usually chosen to be a unit of energy like the electron-Volt. Interestingly,
this is also true for the SI units. Every unit is defined in terms of a fundamental constant
except for the second, which is defined in terms of the frequency of a transition in Cesium
atoms, a phenomenological time scale rather than a fundamental constant of nature. In
this volume we will keep using SI units to avoid confusion, but in future volumes we will
resort to natural units.

Now we bring the conclusions from the previous section into the momentum notation.
Instead of Fourier space, we very often call it momentum space. The eingenstates of the

momentum obey

(plg) =27h 6(p—q) =h é(p — q) (5.56)

therefore our momentum integrals will have a factor of 27 = h rather than just 27.
In position basis we can write

d
P - _. I .
ih (5.57)

The same way that we showed that K was Hermitian we can show that P is Hermitian.
The commutator between X and P is then

(X, P] =ih (5.58)

Previously it was no puzzle at all that we could not measure position and wavenumber
at the same time. This is a well known result from signal processing. But now, we are
claiming that we cannot know both the position and momentum of a particle at the same
time. This was the original version of the Heisenberg uncertainty principle:

AX AP > g (5.59)

If we know exactly where a particle is then we are very uncertain about how fast it’s
moving and vice-versa. This is not just weird, it goes against the very fabric of classical
mechanics. In order to solve the equations of motion we had to specify both the position
and the momentum/velocity of the particle. Without knowing both, we cannot construct
a phase space or solve the equations of motion (in whatever formulation you prefer). This
uncertainty principle destroys classical mechanics at its heart.

And yet, this is what experiment tells us. No matter how hard we try, we cannot fix
both the position and momentum. We must choose. And despite these difficulties, we can
still construct equations of motion which agree with classical results in the appropriate
limits.

52You may wonder why we choose /i = 1 rather than h = 1. They are of course the same up to factors
of 27r. Setting h = 1 is essentially working with radians which are mathematically more convenient.
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5.4 * The quantum Poisson bracket

More than anything, the Heisenberg uncertainty principles seems to really put the nail in
the coffin of classical mechanics. The whole foundation of the theory relies on fixing both
the position and momentum/velocity in order to solve the second order equations of motion.
And while it is true that quantum mechanics fundamentally breaks with classical physics
there is in fact a deep connection between the two, but in order to see that we must
view classical mechanics from the canonical perspective championed by William Rowan
Hamilton (Fig. 5.8).

The standard way we introduce the classical equations of motion is through the three
laws of motion handed to us by Isaac Newton (Fig. 5.9) in 1687, the chief of which is
the second law which states that the acceleration of a particle is proportional to the force
applied
(5.60)

§=—
m

In this law m is a property of the particle and F' an input specific to the physical system
under study.

The canonical (also called Hamiltonian) point of view is to modify these equations so
that they only involve first order time derivatives. We take the momentum p = md as an
independent dynamical variable and our equations of motion become

p=F 5.61)
. p
== 5.62
i=L (5.62)
If the force was conservative so that,
dv
F=—-—— 5.63
g (5.63)
then we can write the equations of motion in terms of the total energy
2
H=T+4+V=—+V 5.64
HV =2 (@) (5.64)
as
dH
)= —— 5.65
p=—a (5.65)
dH
= (5.66)

S dp

These are the canonical equations of motion. We have denoted the total energy by H rather
than E for two reasons. First, to emphasise it must be written as a function of z and p,
rather than x and #. It is to be taken as a function of phase space, i.e. the space {x,p},
rather than the coordinate space {z}. Additionally, there are some fringe cases where the
H that gives the correct equations of motion differs from the total energy, although we will
mostly not be too concerned with these details®®. For these reasons we not only use the

53Picture by William__ Rowan_ Hamilton_ portrait_ oval.png: Unknown
William__Rowan_ Hamilton__portrait_ oval_2.png: Unknown derivative work: Quibik (talk) -
William__Rowan_ Hamilton_ portrait_ oval.png William_ Rowan_ Hamilton_ portrait_ oval 2.png, Public
Domain, https://commons.wikimedia.org/w/index.php?curid=11336587

54Picture by Godfrey Kneller - File:Portrait of Sir Isaac Newton, 1689.jpg from https://exhibitions.
lib.cam.ac.uk/linesofthought/artifacts, Public Domain, https://commons.wikimedia.org/w/index.
php?curid=132521185

55You can nevertheless find in depth discussions on all of this in Goldstein’s book "Classical Mechanics"
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Figure 5.8. Sir William
Rowan Hamilton FRAS®?
Born: 1805 Dublin, United
Kingdom of Great Britain and
Ireland

Died: 1865 Dublin, United
Kingdom of Great Britain and
Ireland

Academic Advisor: John
Brinkley
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Figure 5.9. Sir Isaac Newton

FRS™

Born: 1643
Woolsthorpe-by-Colsterworth,
Kingdom of England

Died: 1727 Kensington,
Kingdom of Great Britain
Academic Advisors: Isaac
Barrow, Benjamin Pulleyn
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letter H but call it Hamiltonian.

In this formalism it is even more apparent how radical is the idea that you cannot know
both x and p at the same time. Without it we cannot even define the space our functions
are supposed to live in. Despite this we actually need just a few extra steps to make the
connection to the quantum world. The first of which is to introduce the Poisson bracket,
named after Siméon Denis Poisson (Fig. 5.10). Its input are two functions on phase space,
and its output is another function in phase space defined as

9f9g 0f g
= a.a. A._ 9. 5.67
{f.9} Ox Op Opox (5.67)
In particular, the Poisson brackets of the canonical coordinates x and p is
{l‘,p} =1, {x,x} =0, {p,p} =0 (5.68)

Crucially, it then allows us to write a generalised form of the canonical equations of
motion. The time dependence of any function on phase space f(x,p.t) (where we have
allowed some explicit time dependence beyond the implicit time dependence through z(t)
and p(t)) is governed by

df _of

G =g TUAH)

(5.69)
The Poisson bracket satisfies the following properties:
1. Action on constant: {f,a} =0 for a a constant

2. Anticommutativity: {f,g} = —{g, f}

3. Bilinearity: {af + bg,h} = a{f,h} + b{g,h} and {f,ag +bh} = a{f,g} + b{f,h}
for a, b two constants

4. Leibniz rule: {fg,h} = {f,h}g+ f{g,h}

5. Jacobi identity: {f,{g,h}} + {g9,{h, f}} +{h,{f,9}} =0

The final two properties named after the famed mathematicians Gottfried Leibniz and Carl
Jacobi of two every different epochs.

Moreover, these properties, together with (5.68), uniquely determine the Poisson bracket.

That is, if we assume the properties above and (5.68) then we can derive (5.67). You just
need to show that

{xapb,l,cpd} — ad xa+cflpb+d71 — be anrcflprrdfl —
- d(zp?) d(acp?)  (apb) O(xcpd)
- Oz o  op Ox (5.70)

using only properties (1)-(5) above together with (5.68). Then we can use linearity to
extend the result to analytic functions.

56Picture by Francois-Séraphin Delpech / After Nicolas Eustache Maurin - http://www.sil.si.
edu/digitalcollections/hst/scientific-identity/CF/display_results.cfm?alpha_sort=Phttp:
//www.sil.si.edu/digitalcollections/hst/scientific-identity/fullsize/SIL14-P005-06a. jpg,
Public Domain, https://commons.wikimedia.org/w/index.php?curid=378439

57Picture by Christoph Bernhard Francke - Herzog Anton Ulrich-Museum, online, Public Domain, https:
//commons .wikimedia.org/w/index.php?curid=53159699

58 Picture by Unknown author - http://www.sil.si.edu/digitalcollections/hst/
scientific-identity/explore.htm (reworked), Public Domain, https://commons.wikimedia.org/w/
index.php?curid=140344
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Figure 5.10. Siméon Denis
Poisson FRS FRSE®®

Born: 1781 Pithiviers, Kingdom
of France

Died: 1840 Sceaux, Kingdom of
France

Academic Advisors:
Joseph-Louis Lagrange,
Pierre-Simon Laplace

Figure 5.11. Gottfried
Wilhelm Leibniz®’

Born: 1646 Leipzig, Holy Roman
Empire of the German Nation
Died: 1716 Hanover, Holy
Roman Empire of the German
Nation

Doctoral Advisor: B. L. von
Schwendendorffer

Figure 5.12. Jacques Simon
Jacobi aka Carl Gustav Jacob
Jacobi aka Carolus Gustavus
Jacobus Jacobi®®

Born: 1804 Potsdam, Holy
Roman Empire of the German
Nation

Died: 1851 Berlin, Kingdom of
Prussia

Doctoral Advisors: Enno
Dirksen
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Introducing the Poisson bracket might seem an unnecessary complication but it is just
what we need to make the connection with quantum mechanics. In particular, we have now
abstracted the equations of motion into an algebraic structure. In the usual formulation
of the equations of motion we have to differentiate with respect to x and/or p, which is
not an easy idea to apply to quantum operators. However, the algebraic point of view of
Poisson brackets seems much more amenable to generalisation. Our goal will be to find a
quantum analogue of the Poisson bracket.

We want this quantum Poisson bracket to obey some version of the properties (1)-(5)
above, but now applied to Hermitian operators on a Hilbert space whose product isn’t
commutative. This simple change—allowing non-commutative observables—will necessar-
ily imply that the quantum version of the Poisson bracket must be proportional to the

commutator.

To prove this, let us calculate {A; Aa, By Ba} where Ay, Ay, By and By are now non-
commuting Hermitian operators rather than functions on phase space. We shall calculate
said Poisson bracket merely by resorting to its algebraic properties.

{A1A45,B1Bo} ={A,B1B2}As + A1{A2, B1 By} =
=({A1, B1} B2 + B1{A1, Ba}) Az + A1({A2, B1} Bz + B1{A2, B2}) =

={A1, B1}B2As + Bi{A1, B2} As + A1 {As, Bo} By + A1 B1{ A3, Bo}
(5.71)

where in the first line we used the Leibniz rule in the first argument, and in the second
line we used the Leibniz rule in the second argument. We could however do the reverse,
first applying the Leibniz rule in the second argument and only then applying it in the first
argument. We then get

{A1A45, B1 By} ={A1A3,B1} By + B1{A1 A3, By} =
={A1,B1}AsBy + A1{As, B1} Bo + B1{A1, Bo}As + B1 A1 {A2, By}
(5.72)

equating these two results
{A17 Bl}(AQBQ — BQAQ) = (AIBI — BlAl){Ag, BQ} (573)

This would of course be completely trivial if the operators were classical functions of phase
space whose product is commutative. For our non-commuting operators this is not the
case. In fact, the only way it can be true for arbitrary operators Ay, As, By and By is if

{A,B} < AB — BA (5.74)

Which shows that the quantum Poisson bracket must be proportional to the commutator.
It is straightforward to show that the commutator obeys all of the necessary algebraic
properties of a Poisson bracket.

Now we get to the whole point of this section. The canonical Poisson bracket between
the position and momentum

{z.p} =1 (5.75)

in the quantum world must become

[X, P] = const (5.76)

* The quantum Poisson bracket
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If this constant were 0, then we would necessarily have commuting observables and we
would be back to classical mechanics. The fact that quantum mechanics involves non-
commuting observables means that, in particular, X and P must be a non-commuting
pair. What seemed like a radical departure from classical mechanics is in fact a necessary
consistency condition when we apply the algebra of classical physics to non-commutative
observables. There is no way out, position and momentum cannot commute unless all
observables do so as well.

Given both X and P are Hermitian and the commutator is anti-symmetric, the constant
of proportionality between Poisson brackets and commutators must be purely imaginary,
and so we can write

[X,P] =ik (5.77)

The Planck constant now appears as the constant of proportionality between the Poisson
bracket and the commutator.

We can even show that this commutation relation necessarily implies the usual expres-
sion for the momentum operator in the position basis. We just need to sandwich (5.77)
between two position eigenstates:

(] [X, P]|y) = (a]ih]y) (5.78)
(z] (XP — PX) |y) = ih (aly) (5.79)
(x =) (2l Ply) = ihd(z — ) (5.80)

Using the following property of the derivative of the Dirac-d (which can be straightforwardly
proven using its definition)

x(f—xé(x) = —0(x) (5.81)
we conclude d q
(x| Ply) = —1h£(5(m —y) = 1h@6(w —y) (5.82)
Remembering (5.26) and (5.27) we can write
d
P =—ih— .
ih (5.83)

exactly as intended. A more careful version of this result is known as the Stone—von
Neumann theorem after Marshall H. Stone (Fig. 5.13) and John von Neumann (Fig. 5.14).

It seems as if the de Broglie relation could be derived after all. All we had to do is apply
the classical Poisson bracket algebra structure to non-commutative Hermitian operators on
a Hilbert space. However, we have merely shifted the burden of proof. The idea that we can
apply the Poisson bracket algebra is just as unjustified as the original de Broglie relation.
The main advantage of this approach is the connection with classical mechanics. From the
quantum Poisson bracket logic, the Heisenberg uncertainty principle is a consequence of
classical mechanics, rather than standing in opposition to it. Additionally, the connection
between classical Poisson brackets and quantum commutators, while being quite subtle in
a lot of circumstances, still provides a very useful rule of thumb when constructing physical
theories.

59Picture by LANL - http://www.lanl.gov/history/atomicbomb/images/NeumannL.GIF (archive copy
at the Wayback Machine), Attribution, https://commons.wikimedia.org/w/index.php?curid=3429594

* The quantum Poisson bracket 57

Figure 5.13. Marshall Harvey
Stone

Born: 1903 New York City,
United States of America

Died: 1989 Madras, Republic of
India

Doctoral Advisors: G. D.
Birkhoff

Figure 5.14. Margittai
Neumann Janos Lajos aka
John von Neumann®®

Born: 1903 Budapest,
Austro-Hungarian Monarchy
Died: 1957 Washington, United
States of America

Doctoral Advisor: Lipét Fejér
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Quantum Dynamics

We have unravelled a lot of the structure of quantum mechanics, but so far we have only
considered the stationary case. We still have yet to discuss anything regarding time de-
pendent systems. We begin by motivating and describing the main formulations for the
equations of motion of quantum mechanical systems, including the quantum version of
Noether’s theorem and the classical limit. Finally we will describe in detail the dynamics
of the simplest 1-dimensional systems: a free particle; square potentials; and the harmonic
oscillator.

6 The equations of motion

Just how we cannot really derive Newton’s laws of motion there is no way to mathemat-
ically derive the equations governing the time dependence of quantum systems from first
principles. Our goal in this chapter will therefore be to adequately motivate these equations
so that they are at least plausible. The first key input is that time evolution should preserve
probabilities, which necessarily means it must be representable by a unitary transforma-
tion. The second input is the Planck relation between the energy and frequency, which
will allow us to write the equation of motion in terms of the total energy. Alternatively,
we could use the connection between the Poisson bracket and the commutator discussed
in Section 5.4, which gives a slightly different but mathematically equivalent formulation.
Finally we will delve into the topic of symmetries and discuss how to connect with classical
mechanics.

6.1 Unitary time evolution

Suppose that the system under study is represented by the ket [i)g) at time #y. At some
time t > to we can generically expect the system to be represented by a different ket | (¢)).
We shall assume that time is a continuous parameter so that

lim [(t)) = [¢o) (6.1)

t—to

Our goal is to find [1)(t)).
Certainly, if |¢g) is correctly normalised, we should expect the same to be true for
[1(¢)), i.e.
(tholtho) =1 = (¥ (H)[¥(1)) (6.2)

Further, we do not want tg or any other time to be special. Said in other words, we want
our theory to have a symmetry under time translations. It seems therefore at least plausible
that the probability structure of our Hilbert space should not change with time, i.e. we

want

|(wolxo)I* = [{e(t) [x()) [ (6.3)

Wigner’s theorem then dictates that time evolution must be represented by a linear unitary
operator U(t, o)
[b(t)) = Ul(t, to) [¥0) (6.4)
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such that

Ul(t, to)TU(t, 1) = 1
U(t,to)(alo) + blxo)) = alv(t)) +b|x(1))

This is of course an assumption. We are assuming that time translations acts linearly and
unitarily. Like any assumptions in physical theories they must be tested against experiment
and discarded if proven wrong. Testing these particular assumptions directly is quite tricky,
however, one example will be given much later in Chapter 14, where we will see how linearity
is intimately connected to locality. Any non-linear time evolution would almost certainly
lead to non-local phenomena, which, as of yet, has not been observed. If we assume linearity
then (6.2) is sufficient to ensure said linear operator is unitary.

The final property we wish to impose is composition. Imagine we had three time
instances ty < t; < to. It seems perfectly reasonable that evolving from ty to ¢; and then
from t; to to should be the same as evolving directly from ¢y to t2. In equations this reads,

Ulta, to) = Ulta, t1)U(t1,to) (6.7)
This property together with the initial condition (6.1) gives us
Ut,t)y=1 (6.8)

for any t. These two properties, together with the invertibility of U(¢,tq) ensure that time
translations are a group. But worry not, we shall not require any knowledge of group theory
for the remainder of this text.

At last we can exploit the fact time is a continuous parameter to consider t = to + dt
where dt is infinitesimal, and write

Ult,tg) = 1 — i2(to) dt + O(dt?) (6.9)

Checking (6.8) is trivial, having both arguments identical is the same as setting dt = 0.
We can also easily check (6.7):

Ulto + dty + dta, to + dty)U(te + dty , to) =
=(1 — i2(to + dt1) dt2)(1 — i2(to) dt1) + O(dt1? , dto? , dty dtz) =
=1 — i2(to)(dt1 + dta2) + O(dt1*, dto? , dty dto) =
=U(to + dt; + dt, to) (6.10)

where in going to the third line we have used the fact that 2(¢g + dt1) = 2(to) + O(dty).

Unitarity on the other hand is not satisfied automatically up to O(dt?), instead it will
impose some restrictions on §2. In particular, imposing unitary yields

1=U(t,to) Ut to) = (1 — 102(to) dt) (1 — 102(to) dt) + O(dt?)
1=1—i(2(ty) — R(to)") dt + O(dt?) (6.11)

and therefore
Q(to) = Qto)! (6.12)

This means that the operator {2 must be Hermitian.
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Putting this all together allows us to write a differential equation for U(t, ty).
Ut+det,tg) =Ut+de,t)U(t, to) = (1 —182(¢) dt)U (¢, to) (6.13)

where in the first equality we used the composition property, and in the second we used
the fact that dt is infinitesimal. We can then write

U(t+dt, to) — Ut to) = —i2(t) dtU(t,ty) = i%U(t,to) = QWU(t,t)  (6.14)

This is sometimes called the Schrodinger equation for the time evolution operator.

We cannot really solve this differential equation without explicit knowledge of 2(t),
but can still go over a few distinct cases.

2 is time independent In this case the solution to (6.14) is given by
Ul(t,to) = exp(—if2(t — to)) (6.15)

where the exponential of an operator is defined by its Taylor series

oo An
expA = Z - (6.16)
n=0

Tt is straightforward to check (6.15) satisfies (6.14) by differentiating the Taylor series term
by term. Alternatively, we can use the composition property repeatedly to write

N
Ut to) = lim (]1—1.(2t;vt0> — exp(—if2(t — to)) (6.17)

N—o0

{2 is time dependent and the (2(t) at different times commute This case is very similar
to the above. The solution is simply

Ult,ty) = exp (—i /t dt’ Q(t’)> (6.18)

to

Just replace 2(t — to) with |, tto dt’ 2(¢') into the Taylor series of the exponential to verify
the validity of this solution.

2 is time dependent,but the (2(t) at different times don't commute This case is the
most complicated out of the previous ones. Although we will not need this solution in this
volume we present it for completeness’ sake

Ult,to) =1+ i(q)n /tt dt; /ttl dty - /t dt, Q(t)2ts) - Q) (6.19)

to

This expression is called the Dyson series after Freeman Dyson (Fig. 6.1), who first used
it in the context of time-dependent perturbation theory. The crux is that the limits of
integration ensure the (2 are time-ordered, such that the earlier times are on the right.

60Picture by ioerror - Flickr, CC BY-SA 2.0, https://commons.wikimedia.org/w/index.php?curid=
71877726
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Figure 6.1. Freeman John
Dyson FRS®

Born: 1923 Crowthorne, United
Kingdom of Great Britain and
Ireland

Died: 2020 Plainsboro Township,
United States of America
Academic Advisor: Hans
Bethe
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Taking the derivative yields
a oo t th—1
—Ul(t,tg) = Z(fi)”/ dty - - / At 2(6)02(ts) - - - 2(tn) =
at n—1 tO

—i£2(t) (11 + i(—i)n_l /tt dtg--- /tn1 dt, £2(t2) - Q(%)) =

QU o) (6.20)

precisely as desired, and without having to pass any {2 through each other.

6.2 The Hamiltonian

In order to actually determine the time evolution of quantum systems we need an inde-
pendent way to set 2. However, there are two ways to do so: the wave mechanics of
Schrodinger, and the matrix mechanics of Heisenberg. The former is the active point of
view where the unitary time evolution acts on the kets leaving the operators unchanged.
The latter is the passive point of view where the states are fixed, and the observables evolve
with time.

Of course the two points of view must ultimately give the same answers. But, as is
usual in physics, even if the answers are the same, our work in obtaining said answers is
certainly not the same. To emphasise the equal merit of the two approaches this section
is written a bit differently, the parts of it can be read in any order, and I encourage you
to leave up to chance. Just beware that the Heisenberg picture will rely on the ideas of
Section 5.4 so if you skipped that section you should read the Schrodinger picture first. If
you don’t want to leave it to chance you can use the following table to pick a favourite:

Schrodinger Picture ‘ Heisenberg Picture
Time-dependent states | Time-dependent observables

Published 1926 Published 1925
Newton-like Hamilton-like
Paedophile Nazi collaborator

In practical calculations we should always use whatever picture is most convenient
for the problem at hand. To avoid confusion it is customary to use subscript ‘S’ for
kets and operators in the Schrodinger picture and subscript ‘H’ for kets and operators in
the Heisenberg picture. Whenever there is little chance for confusion we will omit those
subscripts to avoid clutter.

Schrodinger picture We begin by converting (6.14) into a differential equation in terms of
the time-dependent states, rather than the unitary operator directly. Using the definition

[h(t)) = U(t, to) (6.21)
together with (6.14) we find

(b)) _0U( t)
dt ot

o) = 2(t)U(t, o) [o) = 2(2) [(1)) (6.22)

To make it easier let us consider time-independent 2. In that case, and because {2 is
Hermitian we can find an orthogonal basis of eigenvectors {|w;)}. Expanding our initial
state [¢p) in this basis

o) =) ci|wi) (6.23)

2
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we can easily find the solution to (6.22) by directly applying (6.15):
(1)) = e N " ;) =
_ Zcie—i()(tz—to) luss) =
= e @il |y (6.24)

Every term in this sum gains a phase which oscillates at a specific angular frequency w;.
The individual eigenkets are just multiplied by a phase which does not affect the physical
state, but superpositions of these eigenkets physically change as the balance between the
the different terms is affected.

Crucially, this expansion allows us to interpret the operator (2 as a frequency operator.
Telling us about the oscillation in time of our physical state. Now we can recover Planck’s
relation all the way from Chapter 1 that connects frequency to the energy of radiation.
Generalising we therefore postulate that the operator {2 is proportional to the Hamiltonian

hQ=H (6.25)

This was the first quantum mechanical equation to be discovered. Now it appears as
a fundamental postulate dictating the time evolution of physical systems. Just like the
de Broglie relation between momentum and wavenumber it cannot be derived. It is a
postulate which requires experimental verification. This time the work has already been
done, Planck’s success in describing black body radiation and Einstein’s success with the
photoelectric effect are both direct verifications of this formula.

In terms of the Hamiltonian we can write the differential equation for the time depen-
dence of states in a more familiar form
dy(t))

i = H (1)) (6.26)

This is the Schrodinger equation and is one of the cornerstones of quantum mechanics.

You may find it odd that we call it “Hamiltonian” rather than just “energy”, this is for
two main reasons. Firstly, as detailed in Section 5.4, the classical Hamiltonian is written
as a function of z and p rather than x and %, the former makes more sense in the quantum
world and that is a point worth emphasising. Secondly, when the Hamiltonian depends on
time, energy will not be conserved and is in fact not necessarily very well defined, but the
Hamiltonian will still dictate the time dependence of the system. We will therefore mostly
reserve the word “energy” for the eigenvalues of H, but bear in mind this isn’t a strict
definition.

Some of you might be skeptical we have done very much at all. We didn’t know what {2
was, but we don’t necessarily have a way of knowing what H is, they’re merely written in
different units. And while this is true, and in general we can only fix H through experiment,
this interpretation is still helpful. Firstly, there is an interpretative power in saying that
the total energy of a system is what dictates its time evolution, that interpretation on its
own is valuable. Secondly, it allows us to easily make good educated guesses for H. In
particular, if the system has a classical limit, it’s a good idea to try the classical Hamiltonian
but with x and p promoted to the operators X and P. This will of course not work for
systems without a clear classical analogue. For example, for a single particle subjected to
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a potential, we can guess that
2

P
H=—+V(X 6.27
o V(X) (6.27)
which yields the following Schrodinger equation in the position basis

LG N i ()

ot “om gz TV (@)¥(:t) (6.28)

which is the original (and most famous) version of the Schrodinger equation. Most of this

volume will be concerned with solving ever more complicated examples of this equation.

A particular advantage of the Schrodinger equation is that it is a partial differential
equation with wave-like solutions®'. The tools needed to solve this type of equations are
not too distinct from the tools used in classical wave mechanics. Hence why this picture of
quantum mechanics is often called wave mechanics. Nevertheless, this formulation some-
times can hide some of the algebraic structure of the Hilbert space under functional analysis
and it might not be the most appropriate tool in some specific circumstances.

In most practical applications however, we rarely solve (6.26) or (6.28) directly. If the
Hamiltonian is time independent it is much more fruitful to first use its Hermiticity to find
the basis provided by its eigenvectors. The equation we then want to solve is

or in position basis .
he d=y,
Tl Ly (@) = Bntin(a) (6.30)

These are known as the time-independent Schrodinger equation, or TISE for short. After
we have solve either of them and have found the eigenvectors and corresponding eigenvalues
it is easy to determine the time variation of any state, it is simply given by

() =D cpe w100 | ) (6.31)

where the ¢, are the coefficients of the initial state in the energy basis
cn = {Epn|tYo) (6.32)

Heisenberg picture We begin by converting (6.14) into a differential equation in terms of
the time-dependent observables, rather than the unitary operator directly. Recalling the
action of a unitary operator on a state (4.75) we define

O(t) = Ul(t, o) OoU((t, to) (6.33)

together with (6.14) we find

'
900 _ SCL) 015t, 1) + U1, 10710, 20 10)

= (—iRU (t, 1)) 00U (t, o) + UL, o) Oo(—iU (L, 1)) =

=i(U(t, t0) 200U (t, to) — Ul(t, t0) 002U (t,t0)) (6.34)

61 Despite being first-order in time derivatives the factor of i means that it behaves more like a hyperbolic
PDE rather than a parabolic PDE like the heat equation
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where in going to the last line we used the fact that (2 is Hermitian. Now we use the fact
U is unitary to insert two factors of 1 = UUT (and omitting the argument of U for ease of
notation)

.dO(t)

i = vto,uutou —utuuto,u =

=0 UTRU —UTRUO(t) (6.35)

where in the last line we have used the definition of O(¢). For simplicity, let us assume that
12 is time independent, in which case U and {2 commute and we can write Ut QU = 2. All

in all, we get
idO(t)
dt

= 0(t)2 — NO(t) = [0(t), 2 (6.36)

This expression is very reminiscent of (5.69), the only difference is that we have not
included an explicit time dependence in O. Applying the correspondence between Poisson
brackets and commutators postulated in (5.77) gives us

dO(t
ih% =[0(t), H] (6.37)

This is the Heisenberg equation of motion, and comparing with the above we find
h{2=H (6.38)
which is just like the Planck relation all the way from Chapter 1.

The Heisenberg equation of motion is quite tricky to solve because Hermitian opera-
tors are not particularly convenient objects to manipulate in practice. In particular, it is
often not very clear what initial conditions we should impose. The fact these operators
can be represented as matrices is why this picture of quantum dynamics is often called
matriz mechanics®® However, its resemblance with the classical equations of motion and
its algebraic nature sometimes allows for slick tricks that can solve specific systems in a
particularly efficient way. This will be the case for the simple harmonic oscillator as we
will see in Chapter 9.

For example, consider a single particle subjected to a potential V(). The Hamiltonian

for this system is
2

H= f—m +V(X) (6.39)

Now let us determine the equations of motion for X and P. First for the position

ax i ) i P
o = Xl = 5 [X PP = — o (PIXC P X PIP) = (6.40)
where we have used the canonical commutator [X, P] = ih. Now for the momentum we
have
dpP i i
— =——[P,H|=—-[P,V(X 41
= [P H] = [P V(X)) (6.41)

62In fact Heisenberg had never heard of matrices when he wrote his equation! He instead did it the other
way around deriving matrix multiplication from quantum mechanics.
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to calculate this last commutator it is easier to go to the position basis

o d ()
—lhm<v<w>w<x>>—v<x>(—m i )=
RV (@) (a) — SV (@) () + 1BV (@) () =

= —ihV'(2)¢(x)

[P,V (X)]ip(x)

(6.42)

Putting everything together we get

X P
- (6.43)
m

- = -V'(X) (6.44)

which are just the classical equations of motion! Albeit in terms of operators rather than
functions in phase space.

This result is only valid in the Heisenberg picture, but if we take expectation values
then it must hold in either picture.

e (6.45)
d{P) _
= (V') (6.46)

This result is known as Ehrenfest’s theorem after Paul Ehrenfest (Fig. 6.2). Note how
easy it was to prove this in the Heisenberg picture, in the Schrodinger picture this would
have been far more complicated. Also, you must be careful, to write (V/(X)) rather than
V'({X)) as these two are not generically identical.

6.3 Symmetries and conservation laws

Both symmetries and conservations laws have always been fundamental tools in tackling
any problem in Physics. But they gained special importance in 1918 when Emmy Noether
(Fig. 6.3) proved her eponymous theorem. This theorem demonstrated that any continuous
symmetry necessarily has an associated conservation law. Symmetry under spatial transla-
tions is what gives us conservation of linear momentum, rotational symmetry corresponds
to angular momentum conservation, and time translations to conservation of energy, just
to name a few. Her theorem originally was only valid for classical mechanics but it can be
generalised also to quantum mechanics, and even better, the proof is actually simpler in
quantum mechanics!

Let us begin by clarifying what do we mean when we say “symmetry”. The idea is to
have some map between the kets in our Hilbert space
) = [¥) (6.47)

such that the physics before and after the transformation are in some sense the same. There
are a few key properties we demand of these transformations to ensure this.

63Picture by Unknown author - Portraits from the Dibner Library of the History of Science and Tech-
nology (reworked), Public Domain, https://commons.wikimedia.org/w/index.php?curid=140762

64Picture by Unknown author Publisher: Mathematical Association of America [3], Brooklyn Museum
[4], Agnes Scott College [5], [6] - Emmy Noether (1882-1935), Archived, Public Domain, https://commons.
wikimedia.org/w/index.php?curid=158126186
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Figure 6.2. Paul Ehrenfest®?
Born: 1880 Vienna,
Austro-Hungarian Monarchy
Died: 1933 Amsterdam,
Kingdom of the Netherlands
Doctoral Advisor: Ludwig
Boltzmann

Figure 6.3. Amalie Emmy
Noether®

Born: 1882 Erlangen, German
Empire

Died: 1935 Bryn Mawr, United
States of America

Doctoral Advisor: Paul
Gordan
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Firstly, we impose that the transition probabilities are invariant:

[ = [ 1)) (6.48)

Wigner’s theorem then guarantees that it can be represented by a linear and unitary
operator or by an anti-linear and anti-unitary one. The latter case always involves a
reversal of the temporal direction so we will not discuss it for the time being. Therefore,
our prospective symmetry transformation will be a linear and unitary operator:

W) = U ) (6.49)

Or alternatively, in the passive point of view, the kets are left invariant and the operators
transform as
A— A =UTAU (6.50)

Additionally, if this is to truly help us solve the Schrodinger equation, this symmetry
transformation shouldn’t interfere with our time evolution. In particular, applying U then

evolving in time, then reversing with U, should be the same as just evolving in time once:%

U(t,to) (1)) = UTU(t,t0)U [tho) <= UU (L, to) o) = U(t,t0)U [tbo) (6.51)
Taking derivatives and recalling the Schrodinger equation then gives us
[U,H =0 (6.52)

We conclude that the unitary operator that represents a symmetry must commute with
the Hamiltonian.

In the passive picture, where the kets are left unchanged and the operators change as
A— A =UTAU (6.53)

the condition (6.52) becomes
H =U'HU = H (6.54)

i.e. the Hamiltonian must be invariant under the symmetry transformation.

This is already quite a powerful result, even before specializing to the case of continuous
symmetries. The spectral theorem applies to all normal operators, which includes both
Hermitian operators like H and unitary operators like U. The condition that they commute
then ensures we can simultaneously diagonalise both H and U. Even without a conservation
law it is frequently quite useful to first diagonalise U and only then try to diagonalise H.

Example. The parity transformation is defined as the map P : * — —x. In the
quantum mechanical setup, we shall then define the parity transformation by its
action on the position operator

PIXP=-X (6.55)

Given the commutator between X and P is a number we can write the transformation
of the momentum as

PIPP=—-P (6.56)

65 Apologies for the confusion between the symmetry operator U and the time evolution operator U (t, to),
this is the only equation with both quantities.
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and therefore, parity is a symmetry of the Hamiltonian

P2
H=—+V(X 6.57
— +V(X) (6.57)
if the potential is a symmetric function, 7.e. V(X) =V (=X).
Now let us find its eigenvectors. The action of parity on a wavefunction is simply

Pi(z) = ip(—x) (6.58)

Assuming that 1(z) is an eigenstate of P with eigenvalue 1 and using the fact P? =1
we get

U(@) = P*y(z) = n*e(z) (6.59)

and therefore n = +1 are the only allowed eigenvalues of P.
We can then conclude that the wavefunctions corresponding to eigenvalues of H can
be constructed to be either even or odd functions of x:

Pip(z) = (=) = +¢(x) (6.60)

As with the classical version of Noether’s theorem, it is continuous symmetries specif-
ically that have an associated conserved quantity. For those cases we can write

Ule) =1 —ieQ + O(€?) (6.61)

where @ is some e-independent operator. Applying the same reasoning we applied for the
time evolution operator in (6.11) we conclude that

Q' =0Q (6.62)

The operator @ that generates infinitesimal symmetries is Hermitian, which means it is a
physical observer and a good candidate for our conserved quantity.

If we take ¢ = /N for some finite § which is N independent and N an integer and
then apply the transformation NV times we find

N
U) =U@O/N)N = <1 - 1}?{@) NZg0 o=i0Q (6.63)

Where in taking the limit we used the definition of the exponential. This is perfectly
analogous to (6.15). In particular, we see that @) generates the whole symmetry, not just
the infinitesimal limit®®.

Using the passive point of view, combining (6.53) and (6.63) for small 6 we find:
A'=UVAU = 94799 ~ A +10(Q, A] + O(6?) (6.64)

Therefore, the action of the infinitesimal symmetry on an operator corresponds to the
commutator with the symmetry generator. Which, once again is precisely the same result
as we saw in the Heisenberg picture for time translations.

To get Noether’s theorem we just have to apply this expression to the Hamiltonian.

H=U'HU = [Q,H]=0 (6.65)

661f the symmetry transformation depended on several continuous parameters then the situation would
be more complicated and would require the machinery of Lie groups and algebras, which is beyond the
scope of this text.
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so the symmetry generator must also commute with the Hamiltonian.
Applying the Heisenberg equation of motion we therefore conclude that, in the Heisen-
berg picture,

dQ _
dt

which is our conservation law. Taking expectation values we can write a result that is also

0 (6.66)

valid in the Schrodinger picture

d(Q)
dt
In quantum mechanics the relation between symmetries and conserved quantities is

=0 (6.67)

even closer than in classical physics. The infinitesimal symmetry operator, i.e. the sym-
metry generator, is itself a conserved quantity. We very often call @) a conserved charge,
in analogy with electrical charge conservation, even in the general case.

As an almost trivial example, if the Hamiltonian is time independent then it com-
mutes with itself. Also, it is the Hamiltonian that generates time translations. Therefore
invariance under time translations implies conservation of the Hamiltonian, i.e. energy.

Additionally, because the conserved charge @ is Hermitian and commutes with the
Hamiltonian, we can simultaneously diagonalise them. This means that we can restrict
our analysis to energy eigenstates which have well defined values for the conserved charge.
In practice finding eigenstates of @ first is often much easier than trying to diagonalise H
right away.

Example. Let us take spatial translations as an example of a continuous symmetry.
Classically the translation operation would correspond to U : * — = + a where a is

some continuous parameter. In quantum mechanics we therefore define:
U)X U(a) = X +a (6.68)
Taking a to be small and using (6.64) we find
alQ,X]=a0 = [X,Q] =1 (6.69)

which means that the conserved charge associated with translations is just the linear
momentum P, up to a factor of %. This is exactly the same result as can be found
from classical mechanics and lends further weight to the validity of our definition of
the operator P. In terms of a wavefunction we then have

Y(x+ a) = e PU(x) = Ty (x) (6.70)

There is one final conservation law worth discussing which doesn’t come directly from
Noether’s theorem: conservation of probability. This is a consequence of the unitarity of
the time evolution operator, and, while important, may seem a bit trivial. If our initial ket
is appropriately normalised the evolved ket will also be. However, in the position basis we
can actually write down a local version of this conservation of probability, and that one is
quite useful.

In the position basis, the total normalisation of the wavefunction is given by

- /dx oz, )2 6.71)
Just be looking at this integral it is very intuitive to define the local probability density as

p(,t) = [, ) (6.72)
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Although its integral over all of space is constant in time, this local probability density
isn’t. However, its time derivative is simple to compute using the Schrodinger equation

5pg? t) :aw*g,ww(m) bt t )Wéf; ) _
-1 (fm Tt 0, ) - V()i ) -
ghm a2g(§ Do)+ V<x>|¢<x,t>|2> -
= %%1 (w (x,t)W) (6.73)

Defining the probability current as

. h (. 1)
t)y=—1 (z,t) ———= .74
iot) = 1 (0.0 27 (6.74)
we can write the continuity equatioon
dp 0j
o + == 97 =0 (6.75)

This is an equation giving us a local conservation of probability.
The name “continuity equation” and “probability current” make a bit more sense if we
go to 3-dim notation, where we define

. h "
and the local conservation of probability becomes

p

5 TV =0 (6.77)

Now it looks just like the usual continuity equation like the ones dictating the conservation
of mass in a fluid or electric charge. The current j can then be interpreted as the probability
flow and is a very useful concept to have in mind. This can also be seen by integrating the
probability current over all of space

/dxj(:c,t) th dz <1/1*(17, )&/Jéz L aqujt)i//(%t))—

/d o ( 31/)@ t)_(P) (6.78)

m

Therefore the integral of the probability current gives a sort of “average velocity” of our
particle.

6.4 * The classical limit

Before we move on toward finding the dynamics of specific quantum systems, we should
address the thorny matter of recovering classical physics. That question has two parts, the
first and most complicated one being recovering definite answers to all observables from a
probabilistic Hilbert space. That question is quite hard, and considered by some to not be

* The classical limit
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wholly settled. We therefore defer dealing with it until Chapters 14 and 15. The second
part of recovering classical mechanics is much simpler and will be the focus of this section:
how do we recover Newton’s laws from the Schrodinger equation?

We begin by expressing the wavefunction in terms of its amplitude and phase

Wz, t) = v/pla, ) =7 (6.79)

where p = |z/1|2 is the probability density defined above, and S(z,t) is some real function

of the position and time. We have included a factor of & in the exponential for future
convenience.
We have a good interpretation for the mod of the wavefunction, but what about its

phase? We just need to plug our ansatz (6.79) into the definition of the probability current
(6.74).

* 3¢ _ —i% a\/ﬁ i oS i%
Ve T Ve (aﬂMaxe’
B oy/p i 0S8
and therefore 5 - 95
L S
j= Im (¢ 3x> . (6.81)

If the integral over all of space of j was some notion of “average velocity”, we could
tentatively claim that j (like in a fluid) is the probability density times some local velocity.
The derivative of the phase seems to represent a sort of “local velocity” Remember,
however, that you cannot know the position and velocity of a particle at the same time.
So take this interpretation with a grain of salt.

Nevertheless, we can use our new form of j to write the continuity equation in terms

of p and S:
O 10p0S  p0°S

ot moxdr  m ox?
this will come in handy shortly.

=0 (6.82)

Now we plug in our ansatz (6.79) into the Schrodinger equation (6.28) to obtain

R (0*yp 210p8S i _9*S Jp[dS\?
2m<w *nagcaxmfpaxzm(am) FVve=

. (0yp iypdS

Now we expand the derivatives of |/p on the second and third terms of the LHS and on
the first term of the RHS to notice they form exactly the continuity equation as written in
(6.82), we can therefore cancel them and simplify the above expression to

s 1 [0S\° n 9 p 1

We have managed to reduce the complex Schrodinger equation into two real equations:
(6.82) involving the mod-square and (6.84) involving the phase. So far our treatment is
exact and no approximations have been made.

If you are a classical mechanics guru, you will have noticed that the first three terms
of (6.84) are precisely the Hamilton-Jacobi equation. Yet another way to formulate the

* The classical limit
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classical equations of motion. Incidentally this is precisely the reason for the factor of A in
the phase of the wavefunction, it allows us to write the classical Hamilton-Jacobi equation
without any factors of A. This immediately suggests that getting rid of the last term in
(6.84) is the classical limit.

An easier way to understand what is going on is to define

W =S+ Et (6.85)

for some constant E. In terms of which we can write (6.84) as (ignoring the last term)

2m \ ox ox

1 (ow® oW
() +V(z)=F <= H<x, ) =F (6.86)
where we have noticed that the LHS is just the classical Hamiltonian where instead of

momentum we insert OW /9x. If we take this seriously and define our momentum as

oW

-7 6.87
p= (6.87)
then the time evolution equations become
H(z,p)=F (6.88)
dp 0/ p
— 4+ —(p—) =0 6.89
ot + oz (pm) (6.89)

These are exactly what we expect from a classic fluid flow with energy £ and momentum
p. Each individual point = will behave just like a classical particle. The initial position
and momentum determine the initial energy, we then evolve the position by using & = p/m
and evolve the momentum by demanding that H(z,p) = E. For a classical trajectory
with a time independent Hamiltonian the energy is conserved and this whole procedure is
perfectly consistent®”.

All in all, neglecting the last term in (6.84) has given us a classical trajectory. The
thorny issue is that we know that in quantum mechanics we cannot fully determine the
position and momentum with absolute certainty. How did we get around this?

Imagine we had an initial condition where p vanished outside some small region. If
we also are to have the momentum reasonably well determined then there must be a
sufficient number of wavelengths inside this region to allow us to accurately compute the
wavenumber /momentum. This in turn requires that the phase of the wavefunction varies
much more rapidly than the density, which is precisely the approximation we employed to
neglect the last term in (6.84). More precisely, neglecting the last term in (6.84) assumes

9S\?  9%./p h?
(m) > ax{\/ﬁ (6.90)

Clearly if p is too peaked around that small region, then necessarily its derivatives will

be large and this inequality won’t hold. This is precisely what we expected from the
Heisenberg uncertainty principle, if we try to have the position too localised then the RHS
of (6.90) will be too large and our approximation will be rubbish.

The key here is to lower our standards. Let’s us re-examine (6.90) using more macro-

671f you are wondering what became of S and W, the solution to the Hamilton-Jacobi equation is given
by setting S equal the classical action evaluated on a solution to the equations of motion. In this context W
is called Hamilton’s characteristic function. You can find more details about this on Goldstein’s “Classical
Mechanics— textbook.

* The classical limit
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scopic ideas, the LHS is just our momentum squared, the RHS is the variation in /p in
units of \/p times h?. Roughly we then have

Change in
P> g VP B2

AL (6.91)

For macroscopic objects we can just use the values of the SI units to get a ballpark of
how tight this inequality is. What helps is the factor of A2 on the RHS, which is really
really small in SI units. Even for the fairly large changes in p needed for an appropriately
localised particle we can have pretty normal momenta and satisfy (6.90) no problem. For
macroscopic objects, not only is the Heisenberg uncertainty principle not an issue, but we
have managed to show that the time evolution is precisely what would be predicted by
classical mechanics.

You may have noticed how the strict classical limit would have been obtained by taking
h — 0. This also helps understand how we can fix both position and momentum, in the
limit A — 0 the commutator of X and P vanishes and so they can be simultaneously
diagonalised. It might be a very useful rule of thumb but one must be careful to not take
it too seriously. It only worked because we made very judicious choices for S, if we had
chosen a different factor of & then taking the limit # — 0 would not have recovered classical
physics. The inequality in (6.90) is more precise and would work no matter the dimensions
we chose.

7 The “free” particle

In the next few chapters we will consider several simple 1-dimensional examples of quantum
systems, to get acquaintated with some key quantum phenomena and tools. We begin with
the simplest of them all, a free particle, whose Hamiltonian is simply given by:

P2
H =

= (7.1)

Using our symmetry language, we see that this Hamiltonian is translation invariant.
Therefore we should look at eigenstates of the operator P.

Plp) =plp) (7.2)

The energy of these eigenstates is simply given by

Hlp) = - p) = Ep= - (73)

In the position basis, this states look like:

Up(z,t) = (z] e 7 |p) = enPr=Ent) (7.4)

Free particles in quantum mechanics are plane waves, but that has an issue—plane waves
are not normalisable! In fact we should write something like

Vp(a,1) = Cet Pr=Ept) (7.5)

for some unknown constant C' because a priori we do not have any way of fixing this

normalisation.
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We were somewhat comfortable with using non-normalisable basis states like |x) or |p),
mostly because we were just using them for intermediate calculations and definitions. But
we now wish to represent a physical free particle, and in this case non-normalisability is a
much bigger issue. In the remainder of this chapter we will describe several options to get
around this non-normalisability, some more popular than others.

7.1 A particle in a box

The issue that made our wavefunctions non-normalisable was the fact we were integrating
over the infinite volume of space. It stands to reason this problem would be resolved if
instead of considering x € R we took some finite interval « € [—a, a]. The question is what
boundary conditions to impose at x = +a. Intuitively, the particle should never be found
outside of this interval so it is reasonable to assume that

PE)y=0 if z>a or z<-a (7.6)

Assuming that the wavefunction is continuous®® it is perfectly reasonable to use the fol-
lowing Dirichlet boundary conditions

Y(x)=0 for x==a (7.7)

named after Lejeune Dirichlet who successfully used them to solve partial differential equa-
tions.

All in all, in the position basis, we wish to solve the following equation:

1 0*p()

" 2m  Ox2

— Bu(x) (7.8)

subject to the boundary conditions in (7.7).
The general solution to this equation is given by a linear combination of exponentials

Y(z) = Ael*® 4 Be ke (7.9)
where 22
E==— (7.10)

We now just have to impose the boundary conditions. They correspond to the following

conditions:
=0 A ika B —ika _ 0
vla) — ¢ ) e ) (7.11)
Y(—a) =0 Ae~ ke 4 Belke =
The first of these can be solved to give
B = —Ac*ka (7.12)
so that
Y(x) = A(ei’” - e*ik(mfz“)> = 2i4e* sin(k(x — a)) = C'sin(k(x — a)) (7.13)

68This assumption is not true in general and usually merits more justification. In our case, by just
considering = € [—a,a] in effect, positions outside this interval don’t exist. We could in fact impose
different boundary conditions if we so wished. Continuity was used to merely motivate our choice.

69Picture by Unknown author - Unknown source, Public Domain, https://commons.wikimedia.org/w/
index.php?curid=90476
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Figure 7.1. Johann Peter
Gustav Lejeune Dirichlet®’
Born: 1805 Diiren, French
Republic

Died: 1859 Gottingen, Kingdom
of Hanover

Academic Advisors: Siméon
Poisson, Joseph Fourier, Carl
Gauss
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https://commons.wikimedia.org/w/index.php?curid=90476

THE “FREE” PARTICLE

where we put all of the constants in front into a single constant C to be determined when
we normalise our wavefunction. Imposing that

/a dzb@)? = 1 (7.14)

—a

— 7. 5

Imposing the second boundary condition gives us

n
sin(2ka) =0 = k = g— nez (7.16)
a
With these boundary conditions our wavenumber comes in discrete multiples! This is
a key feature of quantum mechanics, boundary conditions often yield discrete outcomes.

All in all, our solution will be

1
Vo)== sin( 5 (@ — a)) (7.17)
whose energy is given by
h2m2n?
T 7.18
8aZm (7.18)

which is also quantised, but now in multiples of n2.

Note that although every n € Z is a valid solution, the wavefunctions for n and —n
only differ by a sign, hence a phase. They therefore correspond to the same physical state.
We should only consider n € Z* as distinct physical solutions.

INSERT PLOT OF THE NORMALISED SOLUTION FOR THE FIRST FEW VAL-
UES OF N

Also note how, for a given n the solution is either even or odd. In fact

Y(—x) = 1 Sin<%(—x - a)) L sin(ﬂ(x + a)) =

a 2a

= (-1)" () (7.19)

For n odd the solution is even, and for n even the solution is odd.

This is exactly what we expected from symmetry considerations. The Hamiltonian
is independent of X and even in P, therefore it is parity invariant. Additionally, our
boundary conditions are symmetric in x so they don’t spoil our symmetry. Hence, we
expect our energy eigenstates to either be even or odd functions of x so that parity acts
diagonally, and this is precisely what we observe.

So far these functions seem perfectly acceptable. They are normalisable solutions to
Schrodinger’s equation without a potential. However, these are poor candidates for free
particles. Chiefly, they are not eigenstates of the momentum operator:

Pu(x) = —ih&gf) . 21376 cos(5(x — a)) (7.20)

which is not a multiple of ¥ (z).

And our situation is worse, we can compute the expectation value of the momentum
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as

)= [ avvr@) (-2l ) -

—a

_ ihmn /a da sin(%(z — a)) cos(%(ai - CL)) =

T 9.2
2a% J_,

ihmn

=13 /a dx sin(%(x - a)) =0 (7.21)

—a

Not only, are our solutions not momentum eigenstates but the expectation value of the
momentum vanishes!

We can trace these issues back to our boundary conditions. Imposing that the wave-
function vanishes outside our box is equivalent to having an infinite potential outside the
box

0 —-a<z<a
Viz) = (7.22)
oo otherwise

This breaks translation invariance badly, which is why the energy eigenstates were no longer
momentum eigenstates. Looking at our wavefunction we see that it is a linear combination
of €** and e~™** j.e. a superposition of particles with momentum p = +hk and p = —hk,
which clearly does not have a well defined momentum.

The fact that the average momentum is zero is because the motion of the particle with
momentum p = +hk is cancelled by the one with momentum p = —hAk. You can think of
our solution as a superposition of two particles who keep bouncing back and forth between
the walls of the box, their momenta being perfect opposites of each other, giving an overall
vanishing momenta. What you shouldn’t do is think of this as a static particle in the box,
the expectation value of P2 is 2mE which is not zero, so our solution isn’t one with zero
momentum, the particles in the superposition are moving around, it just so happens that
their momenta perfectly cancel.

Ultimately, using fixed Dirichlet-type boundary conditions is not a good way to model
a free particle. The reason we have went into so much detail of this model is that it is in
fact a decent first approximation for a potential well, which we will cover in more detail

later on.

7.2 A particle in a circle

If our issue was that we broke translation invariance then how about trying boundary
conditions who keep translation invariance but still ensure that our wavefunction is only
integrated over a finite range in position? One way to do that is to impose periodic boundary
conditions

(o + L) = (x) (7.23)

These boundary conditions are equivalent to considering a particle on a circle of radius
R=L/27.

INSERT PICTURE

Thinking of this as a circle makes it more intuitive that we have not broken translation
invariance. Despite the circle having finite length we can still go around it as much as we
like. In fact, we can now satisfy our boundary conditions with a single eigenstate of the
momentum operator, rather than requiring a superposition. Taking an an eigenstate of P
with eigenvalue p:

Yp(z) = CenP® (7.24)
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we then impose (7.23)

The energy is given by
B p2 _ h2n2 - h2n2 (7 26)
C2m 2mL? 2mR2 ‘

This energy precisely matches what we obtained for the particle in a box if L = 2a,
i.e. if the total interval the particle can occupy is the same. The main difference is that
now the particle has a well defined value for the momentum which is an integer multiple
of h/L or equivalently hi/R,

It is trivial to show that

L
/ dz |1, (2)]* = |CP°L (7.27)
0
therefore our normalised wavefunctions will be
¢ ( ) e27rin% ein% (7 28)
) = = .
P VL V2TR
identifying the angle around the circle as § = /R we can also write them as
einG
Vp(0) = (7.29)

V2TR

We can sketch (the real part of) these wavefunctions

INSERT PICTURE

We see that the momentum quantisation condition means that they fit nicely with |n|
oscillations as we go once around the circle. In fact, using de Broglie’s relation between
momentum and wavelength we see that

L = |n|A (7.30)

therefore |n| complete waves fit into the circle. In fact, this was the original motivation
for de Broglie. His idea was to think of electrons orbiting the Hydrogen nucleus in the
same way planets orbit the sun. If they were also wave-like then only an integer number of
wavelengths could fit without that electron wave being discontinuous. Even if the specific
planetary model of the atom wasn’t quite right, the relation between the wavelength and
the momentum was.

One additional difference from the box scenario is that positive and negative values of
n are distinct solutions. They correspond to particles travelling to the left or the right.
They will have the same energy but opposite momentum. Previously, any solution would
have to include both.

For large values of R we see that the discrete splitting in momentum and energy
eigenvalues gets smaller. In the limit R — oo we approach the continuous spectrum we
had when z could take on any value. However, we can clearly see that the normalisation
of the wavefunction goes to zero, showcasing the original issue of non-normalisability.

In conclusion, periodic boundary conditions are much better for modelling free particles
than Dirichlet boundary conditions. They allow us to keep translation invariance while
still having a finite size for our spatial dimension, and therefore allowing for normalisable
wavefunctions. This is an important lesson that will be relevant all the way to quantum
field theory. If you have an infinity that you wish to regularise, in our case the integral
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over all of space of |z/)|27 you should be careful to introduce a cut-off that does not break
any important symmetries. In our case, we cut off large values of x in two ways, one
which broke translation invariance and one that didn’t. The second one had physics which
were far similar to the original case we wished to study. The only price we had to pay
is that we are no longer allowed to have any continuous value for the momentum, we
are restricted to integer multiples of A/L. This also means that instead of dealing with
momentum integrals we deal with discrete sums. In many physical applications choosing
periodic boundary conditions will be the best way forward.

7.3 Wavepackets

Another perspective is that our issue was that we were picking a state with definite momen-
tum. By the Heisenberg uncertainty principle it must have a completely indefinite position,
i.e. the particle is spread all over space. This is not only not exactly what we usually mean
by particle, but is also clearly not regular. Of course that a particle which is evenly spread
through all of space will not be normalisable. If we are to have the particle contained in a
range of positions we must introduce some uncertainty in the momentum. After all, in real
experiments we will never be able to determine the momentum with absolute precision so
including some uncertainty in the momentum is perfectly reasonable.

To include some uncertainty in the momentum we integrate (7.5) over the momentum
with some weight function f(p):

vlart) = [ Pripere s (7.31)

This is called a wavepacket.

Imposing that this wavepacket is correctly normalised requires
— 2 [dp 2
L= [delp@)]”= [ 5=1f(D)l (7.32)

This wavepacket approach is the most mathematically rigorous and if one wishes to do
rigorous proofs it is often the only option. However, it is quite cumbersome, and, despite
its physical motivation, it has some properties that are not very convenient.

Firstly, given 1 is no longer an eigenstate of the momentum, it will therefore also not
be an eigenstate of the energy. Very often looking for the energy spectrum is precisely our
goal. Using wavepackets it will quite tough to extract that information.

To see the second downside it is convenient to pick a specific profile for f(p). Let us
pick a Gaussian peaked at p = pg with width o:

1) = | == exp<—@4‘£°)> (7.33)

named after the proliferous Carl Friedrich Gauss (Fig. 7.2).
INSERT PLOT

To show that the above choice of f is indeed correctly normalised we just have to use

"OPicture by Christian Albrecht Jensen - http://archiv.bbaw.de/archiv/
archivbestaende/abteilung-sammlungen/gesamtbestand-des-kunstbesitzes/gelehrtengemaelde/
gelehrtengemalde-seiten/ZIMM-0001.html, Public Domain, https://commons.wikimedia.org/w/index.
php?curid=6886354
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Figure 7.2. Johann Carl
Friedrich Gaufl aka Carolus
Fridericus Gauss™

Born: 1777 Brunswick, Holy
Roman Empire of the German
Nation

Died: 1855 Gottingen, Kingdom
of Hanover

Doctoral Advisor: Johann
Friedrich Pfaff


http://archiv.bbaw.de/archiv/archivbestaende/abteilung-sammlungen/gesamtbestand-des-kunstbesitzes/gelehrtengemaelde/gelehrtengemalde-seiten/ZIMM-0001.html
http://archiv.bbaw.de/archiv/archivbestaende/abteilung-sammlungen/gesamtbestand-des-kunstbesitzes/gelehrtengemaelde/gelehrtengemalde-seiten/ZIMM-0001.html
http://archiv.bbaw.de/archiv/archivbestaende/abteilung-sammlungen/gesamtbestand-des-kunstbesitzes/gelehrtengemaelde/gelehrtengemalde-seiten/ZIMM-0001.html
https://commons.wikimedia.org/w/index.php?curid=6886354
https://commons.wikimedia.org/w/index.php?curid=6886354
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the expression for the Gaussian integral
/dar:e_c‘(j'c_”’:”)2 =,/ (7.34)
a

The normalisation of our f is different from what you may recognise from probability
theory. This is because the probability density is given by |f (p)|2 rather than f(p) itself.
To examine this Gaussian wavepacket it is more helpful to Fourier transform into

momentum space

i

I.t) = [ dve (e t) = fp)e B (7.35)
Additionally, beyond (7.34) we will need the following Gaussian integrals:
/ dzz e =0 (7.36)

which is trivial because the Gaussian is even and z is odd, and

/dx 22 e’ VT (7.37)

= 2q3/2

which can be derived by taking derivatives wrt @ in (7.34).

All of the expectation values computed below will require some elbow grease with
changes of variables and reducing to the three Gaussian integrals above. The reader is
encouraged to try and do the computations themself, but we will not go into too much
detail to simplify the discussion.

We can now compute various averages of position and momentum to see what this
wavepacket represents.

#) = [ Polto)f = = (7.3%)

where to derive this we needed (7.34) and (7.36).
This result is reassuring, we chose a Gaussian profile peaked at py so the average
momentum better be pg. We can also compute the uncertainty AP. First we compute

(P?) =/de3172|]“(1))|2 = =pi+o’ (7.39)

where now all three (7.34), (7.36) and (7.37) are necessary.
In total

AP =\ [((P=(P))) =\/(P?") ~ (P) =0 (7.40)

which justifies our calling o the width.

So far we have only justified our notation and nomenclature for f(p), to get some
physics we must also compute the equivalent quantities for X. To compute these we use
the fact

X¢(p,t) = lhif)p (7.41)
we then obtain
_ [dp . #Epty 9 —iE,t) _ ... _ bot
(X) = [ G e ing (e ) == (7.42)

This is precisely what we would have expected from Ehrenfest’s theorem, the average
position of the particle travels with velocity pg/m.
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Finally, we can compute the uncertainty in X. First we compute (beware, this is the
trickiest)

dp N 92 N P22 72 202
2 frnd = fF lEPt — 2 —_ El’t :...:07 _— _—
(x2) = [ L @b (1) 2 (Feeho) - R ()

Now we can reap the benefits of our hard work. The uncertainty in X is given by

h2 t202

which, in contrast with the uncertainty in P grows with time!

At t = 0 the uncertainty in X is minimal, and in fact

AXAP = g (7.45)

which saturates the Heisenberg uncertainty bound. This was precisely the motivation
for picking this waveform, it is the best we can possibly do according to the Heisenberg
uncertainty principle. We still have one free parameter, o, but we can see that by decreasing
o and thereby making our knowledge of the momentum more precise we increase the
uncertainty in the position, at least at ¢ = 0.

The state of affairs at ¢ = 0 is then basically optimal. We have a wavefunction which
is peaked at some value of the momentum and is also reasonably peaked at some value of
the position. We can’t have both arbitrarily peaked, but this is as good as we’ll get.

Nevertheless, the weakness of this wavepacket is in the time dependence of AX. As
time goes on, the uncertainty increases, not only does our wavefunction, on average travel
with velocity pg/m but it also spreads out becoming more evenly distributed over time.
We loose whatever spatial localisation we started with, loosing our intuitive picture of a
reasonably well localised particle travelling with a given velocity.

INSERT PLOT OF THE TIME EVOLUTION OF THE POSITION WAVEFUNC-
TION

This can be understood intuitively. At a given point in time our particle is at position
o + dx and moving with velocity vy + dv. The worst case scenario would be if it is at
position zg + dx moving with velocity vy 4+ dv, or at position x¢y — dx moving with velocity
vg — 0v. The uncertainty after some time t will be

xo + 0z + t(vo + 6v) — (g — dz + t(vg — 6v)) = 25z + 2tdv (7.46)

so our uncertainty increases with time.
Together with the greater computational complexity, the fact we loose our spacial
localisation makes this method even less appealing. Nevertheless it might be the only

option in some more rigorous approaches.

7.4 A continuous beam of particles

The final approach we shall consider is the simplest and therefore the one we will chiefly
use in this volume—just use non-normalisable states. But how can we fix the value of C'
in (7.5)?7 The trick is to recover our continuity equation for probability (6.75). Let us for
a momentum consider a classical beam of N particles. Calling p the number of particles
per unit volume and assuming no particles can get created or destroyed we can write a

A continuous beam of particles
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continuity equation for the number of particles

ap

at+V-J:0 (7.47)

where j = pv and v is the velocity of the particles at point .

We can interpret j as the flux, as it gives the number of particles that strike a cross-
sectional area per unit time. Indeed its units match up, p has units m~2 and therefore j
has units m=2 s~ 1.

INSERT PICTURE

In 1 dimension, we can instead write

% 0 _

- 4
ot T or " (7.48)

the particle density p will have units m~! and j will have units s~*.

The flux will now
represent the number of particles that pass through a point in our 1 dimensional line per
unit time.

INSERT PICTURE

Comparing with (6.75) and (6.77) we see that we can re-interpret [¢(z,t)|* as the
particle density p. Of course, |¢(z, t)|2 is actually representing a probability, but if we had
normalised it to IV rather than 1 then it could have potentially represented the particle
density. The fact that globally the integral of |i)(x, t)\2 blows up is perhaps less concerning
for local questions. If we had a uniform particle density and an infinite spatial volume,
the integral of p would indeed blow us because N would be infinite. Nevertheless, the
continuity equation would still apply. Quantum mechanically, we can also check that to
prove (6.75) we used the Schrodinger equation but did not need to assume the solution was
normalisable, only the local properties of the Schrodinger equation mattered. In fact we
can check (7.5) satisfies the continuity equation

(. t)* = |CP? (7.49)
which is a constant, and
. ik fOyT LOUN e
e (Gev-v5E) = Ll (7.50)

which does not depend on x. Additionally, we can even see that j = pv if we define
v = p/m, exactly what we expected classically.

It seems that we can therefore restrict ourselves to asking local questions, and if we're
careful we might get away with using non-normalisable states. If we need to impose uni-
tarity, ¢.e. conservation of probability, we can just use the local continuity equation (6.75).
Moreover, instead of discussion total probabilities for a given process, say a scattering of
an electron of an atom, we can talk of ratios of probabilities, i.e. if we have a beam of
many electrons, what fraction of them are scattered by a given angle? For those kinds of
questions it will usually convenient to pick C' = 1, i.e. a beam with 1 particle per unit
length /volume, but we should remind ourselves that we are only computing ratios, even if
we conveniently pick a denominator of 1.

This approach is by far the least rigorous of the ones we discussed, the price we pay
for that lack of rigour is that we are very heavily restricted on the kinds of questions we
can even ask. Nevertheless, there are quite a few problems of great physical importance,
e.g. scattering, for which these are exactly the interesting questions. In those cases this
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approach is the best one because it provides the simplest calculations.

8 Square potentials

So far we have only considered free particles but real quantum systems also include po-
tentials. In this chapter we shall focus on the simplest possible potentials—those that are
piecewise constant. We begin by considering what happens to particles that hit a barrier,
uncovering one of the most famous phenomena of quantum mechanics—tunnelling. Then
we will describe bound states in a finite potential well, seeing how boundary conditions
are key to discreteness in energy spectra. Finally, we shall connect the two calculations by
showing that divergences in scattering amplitudes give us bound state energies.

Throughout this chapter we shall focus on energy eigenstates so that the time de-
pendence is trivial. Therefore we shall chiefly resort to the time-independent Schrodinger
equation and use the language of wave mechanics.

8.1 A particle hitting a wall

The first example we shall consider is a wall, that is, we want to solve the (time-independent)
Schrodinger equation for the following potential:

0 <0
V(z) = {V . (8.1)

or equivalently, V(z) = 6(z).

INSERT PICTURE

For x < 0, the potential vanishes so the generic solution is just the plane wave solutions
we discussed in the previous chapter

Y(z) = A + Be™* 1 <0 (8.2)

where A and B are two complex constants. The energy of these solutions is given by

K2E?
E="" (8.3)

Of course this energy allows for k to be positive or negative corresponding to the A, and
B terms above. We will define k£ to always be positive to distinguish between the two
coefficients. This means that the A term corresponds to a particle moving to the right and
the B term corresponds to a particle moving to the left.

For = > 0 now the potential is not zero, therefore we are solving the equation

1 ()
2m  Ox?

7 ()

C2m Ox2

+Vi(z) = Ep(r) <= = (E—=V)y(z) (8.4)

therefore the solutions will be exactly the same as for the free particles”!, with the exchange
EFE—-FE-V:
() = Ce'? + De™ 97 £ >0 (8.5)

where, once more, C' and D are some complex constants. The energy will be given by

h2q2
2m

E-V= (8.6)

"1This is why we will focus on piecewise constant potentials, the solution is always just a sum of plane
waves.
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Let us consider initially the F > V case so that ¢ is real. We then have the same situation
as for x < 0, ¢ can be either positive or negative, corresponding to the C' and D terms.
We shall define g to be positive to distinguish between them. This means that the C term
corresponds to a particle moving to the right and the D term corresponds to a particle
moving to the left.

INSERT PICTURE WITH ARROWS EXPLAINING WHAT EACH TERM IS DO-
ING

What we have left to do now is fix A, B, C, and D. Let us think about the physics
we are trying to describe. Our goal is to send a particle from left, let it hit our barrier
and see what happens. The A term will of course represent our incoming particles. The
B term describes particles moving to the left in the < 0 region, this would correspond
to reflected particles. The C' term represents particles who continue to move to the right
after hitting the barrier, therefore it represents transmitted particles. Finally the D term
represents particles who are moving to the left but in the x > 0 region, these are incoming
particles but from x — oo, we do not wish to consider the case where there are incoming
particles from the right so we will set D = 0.

To obtain the probabilities for reflection and transmission you might wish to take ratios
between B, C, and A; this is however a bit too quick. The issue with our current scenario is
that g # k so particles after the barrier are moving with different speeds, hence, comparing
the densities at a given point will not be a fair measure of the number of particles. To
really capture the fraction of particles which are reflected/transmitted we should instead
compute the fluxes which do take into account the speed of the particles. Plugging in
(8.2) and (8.5) into (6.74) (remembering to multiply by exp(—3Et) to capture the time
dependence) we find

%(\Aﬁ - |B|2) z <0

j(@) = (8.7)
ha\c)? x>0
we therefore define the incoming fluz
hk o
.inc =—JA 8.8
j 4] (8.8)
the reflected fluzx
e = X | B (39)
Jref = m .
and the transmitted flux
. h
Jtrans = £|C|2 (810)
m

It is straightforward to show that the particle density is a constant in time, therefore
the fluxes must match at x = 0 which means

jinc - jref = jtrans = jinc = jref + jtrans (811)

this equation captures the fact we cannot loose any particles; every incoming particle is
either reflected or transmitted.

With all of this in mind we can identity the probability that a particle is reflected as

the fracton of particles which is reflected

f= jref _ |B|2
e jinc |14|2

(8.12)
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and the probability that a particle is transmitted is similarly given by

P _ jtrans . |C|2q
t s — . —
e Jinc |A|2]€

(8.13)

Here we see the importance of considering the fluxes, the probability of transmission in-
volves the ratio of the two wavenumbers, i.e. velocities. This is the correct expression
because it is the fluxes which are conserved as can be seen from (8.11).

To find B and C we need to match the solutions at x = 0, however, our potential is
discontinuous so it bears discussing if and why our wavefunction should be continuous at
x = 0. Let us integrate the Schrodinger equation in a small interval around z = 0:

_Fi € ” O*Y(z) :/6 dz (E — V(2))d()

2m J_. o2 .
n? [ 0y(x) () N
“om ( ox |,_. T or w_e) =/ dz (E - V(z))y(x) (8.14)

The potential V' (x) might be discontinuous, but it is finite, this means that the RHS
of the above vanishes. Therefore the derivative of ¢(z) is continuous”™. Given that the
derivative of the wavefunction is continuous then the wavefunction itself must also be

continuous.
Applying continuity in ¢ (x) and ¢'(z) at x = 0 we find
0) conti A+B=C B="%1y
{¢( ) continuous N { . { - (8.15)

ikA —ikB = iqC C=2k4A

/ : . 2k
¥'(0) continuous %tq

Plugging these results into (8.12) and (8.13) we find

k—q 2
P =24 1
f (Hq) (8.16)

4kq

Trap (8.17)

Ptrans =

Let us analyse our results. Firstly, it is fairly trivial to verify that Pief + Pirans = 1
reassuring ourselves that we probably didn’t make any big mistake. Nevertheless, we are
already seeing some behaviour which is distinct from classical physics. If we sent a classical
particle through a potential with enough energy to clear the potential barrier it would go
straight through, even if its kinetic energy, and hence velocity, would be lower. We see that
in quantum mechanics this is not true, even with enough energy to clear the potential the
particle still has some probability of being reflected.

Further, you should not view ¢ as an independent variable. It is a function of the
incoming energy and the height of the potential. In particular we can write

V2mE
h
2m(E -V)
h

k‘:

(8.18)
q= (8.19)

Instead of thinking of incoming energy, we can also use incoming momentum and write ¢

72If the potential had a divergence, e.g. a Dirac-d, then the RHS would not vanish, and there would be
a discontinuity in the derivative.
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as a function of k
o 2mV

R

Inserting any of these expression into (8.17) is not very instructive but it is worth keeping

g=1/k (8.20)

it in mind which variables are independent.

To our heads around this, let us think of some limits. Firstly, if £ > V then q = k
and the probability of reflection approaches 0. It is as if the incoming particle does not feel
the barrier and goes straight through. If instead £ — V then ¢ — 0 which means Pt — 1
and Pyans — 0. If the particle has basically no energy above the potential then it is almost
surely reflected back and has very little chance of making it through. The intermediate
cases are governed by our exact expressions (8.17).

What if the particle we sent didn’t have enough energy to clear the potential, i.e. if
E < V7 Classically, the particle would always be reflected, the region x > 0 would be
forbidden. Nonetheless, this is not what happens in the quantum realm, for £ < V the
outgoing momentum q is complez:
5 2m(E-V)

This means that our solution for z > 0 is not an outgoing particle but a decaying expo-

nential. Defining n = —ig we have
Y(x)=Ce™™ x>0 (8.22)
for
2 - F
n= 77"(;; ) (8.23)

Despite the particle not having enough energy to clear the potential there is still a prob-
ability that the particle is found after the barrier. This probability decays exponentially

quickly but is sizeable for a length ~ ™1

. This behaviour is unexplainable with classical
physics, it would correspond to a negative kinetic energy, pure nonsense. Still there is a
classical analogue of this situation. Even if we send light beyond its angle of total reflection
there will still be a exponentially decaying electromagnetic field beyond the interface of the
two mediums. This is called the evanescent wave and is perfectly ordinary behaviour for
waves. Our quantum “paradoxes” arise when we use wave mechanics to describe particle

motion.

Our equations that relate A, B, and C' were algebraic in nature so they apply just as

well
k+in
B = A .24
— (8.24)
2k
= a2
C F—in (8.25)

The calculations for the fluxes however is quite different because B and C' are no longer

real.
hk hk
hof = — B"B = —|A
Jref 2m 2m| |

k—ink+in
Even if there is a probability for the particle to be found after the barrier the reflected flux

hk 2
= A = Jin 8.26
S AP = jine (5.26)

is equal to the incident flux.

A particle hitting a wall
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Relatedly, it is not too hard to how that the transmitted flux vanishes

foane = (G =052 ) =0 (3.2
because the wavefunction for x > 0 is real.

Here we see the limitations of using non-normalisable states, despite having a non-zero
wave function beyond the boundary and therefore presumably a non-zero probability of
finding the particle there, the fluxes describe total reflection. They predict no transmitted
particles at all. After all, our interpretation for the fluxes was predicated on the free particle
wavefunction, it is not surprising that they would fail when applied to a different case.
However, we cannot just use the Born rule because our wavefunctions are not normalisable.
In order to calculate the probability of finding a particle in the forbidden region we would
have to use something like wavepackets.

But not all is lost, in real experiments, potential barriers will have some finite thickness.
In that case, after the barrier we would presumably have free particle plane waves again
and be able to use fluxes. This is the situation we will discuss next.

8.2 Tunnelling through a constant barrier

Let us consider the following potential, as the simplest model for a potential barrier with
finite thickness

Viz) = (8.28)

V —a<z<a
0 otherwise

INSERT PICTURE

Once again, we want to send particles from the left and see what happens. Following
the discussion from the last section we shall look for solutions of the form

eilcz +Refikm T < —a

Y(z) = Ae!?® + Be 4% —g <z <a (8.29)
Telk® xr>a
where
2mE
k= .
3 (8.30)
2m(E -V
q :% (8.31)

depending on the sign of £ — V| the wavenumber in the middle region, ¢ might be real or
imaginary.

We have chosen to only have incoming particles from the left, and therefore not included
a term o< e~ '** in the z > a region. Additionally, to simplify calculations we have chosen
the density of incoming particles to be unity. Finally, because the potential vanishes for
x > a as well as for x < —a the velocity of incoming and transmitted particles is the same,
which means we will not have to deal with the ration of the velocities as we did in (8.13).

The probabilities for reflection and transmission are therefore given by

Pref :|R|2 (832)
Ptrans :|T|2 (833)
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To fix R, T, A, and B we will need four conditions. Using similar arguments to the
ones in the last section we conclude that despite the discontinuities in the potential the
wavefunction and its derivatives need to be continuous at x = =+a, which will give us the
four matching conditions we were looking for

eika | Reika _ go—iga | peiga (

ik (e*ik“ - Reika) =iq (Ae*iqa - Beiq“) (
Aelt® + Be™l4% =Telke (8.36

iq (Aeiqa - Be_iq“) =ikTelFe (

Solving this linear system of equations is straightforward if a bit tedious, the solution is

(q+k) —i(g+k)a

8.38
" 2kq cos(2qa) — i(q? + k?) sin(2qa) (8:38)
k(g — k)elta—h)e
(8.39)
" 2kq cos(2ga) — i(q? + k?) sin(2qa)
2 —21ka 2
i(¢> — k?) sm( qa) (8.40)
qu cos(2qa) — i(q? + k?) sin(2qa)
2 —2ika
- kge : (8.41)
2kq cos(2qa) — i(q? + k2) sin(2qa)
From here we can compute the probabilities of reflection and transmission
2 _ 12)24in2(2
Puet =IRP? = L (8.42)
4k2q? cos?(2qa) + (¢ + k2)? sin®*(2qa)
4k2 2
Pirans =|T|* = 1 (8.43)

4k2q? cos?(2qa) + (g% + k2)? sin*(2qa)

which sum to 1 as they should.

These expressions are more complicated than we had previously but we can still draw
some important conclusions. Firstly, if £ > V then ¢ — k and the probability of reflection
goes to zero, this is exactly the behaviour we had previously, for large enough energies
the particles doesn’t notice the barrier. For £ — V then ¢ — 0 and the probability of
transmission goes to zero, once more as we lower the energy to be closer to the height of
the potential we get closer to total reflection.

Additionally, for sin(2ga) = 0 the probability of reflection vanishes and we obtain total
transmission. This is called transmission resonance and is in fact observed in the scattering
of low energy electrons from a gas of noble atoms such as neon or argon. For our case it
happens at energies given by oo

i
B=V+gis 8ma?
where n € Z. Note how these energies are highly dependent on the specifics of our potential.

(8.44)

We have to really fine tune our incoming energy/momentum to observe this transmission
resonance.

Finally, let us consider energies lower than the potential barrier £ < V. Our interme-
diate wavenumber becomes complex, giving rise to real wavefunctions inside the potential,
however, now a sum of decaying and rising exponentials. Defining as before

n=—ig= M (8.45)



SQUARE POTENTIALS Tunnelling through a constant barrier

we can write down the new coefficients

k(n — ik)e~ikagna

A= 8.46
2kn cosh(2na) — i(k? — n?) sinh(2na) (8.46)
= G + ke Te 10 (8.47)
- 2kncosh(2na) — i(k2 — n?2) sinh(2na) '
02 12\ a—2ika o
R i(n*+k )e s1nh(?na) (8.48)
2kn cosh(2na) — i(k? — n?) sinh(2na)
anef2ika
T = 8.49
2kn cosh(2na) — i(k? — n?) sinh(2na) (8.49)
and the new probabilities
T4k + (k2 + 72)2 sinh® (2na) '
2,2
Ptrans = ik U (851)

4k2n? + (k% 4+ n?)? sinh2(2na)

Now, despite using non-normalisable states we have managed to calculate the proba-
bility that a quantum particle traverses a barrier even if the incoming energy is lower than
the height of the potential. This phenomenon of crossing a classically forbidden region is
called tunnelling and is one of the key features of quantum mechanics. Examples of tun-
nelling nature are the emission of alpha particles who would be trapped by a large potential
barrier and cold emission of electrons in a metal. Neither of these is well described by our
simple constant potential model, but both correspond to particles that traverse a potential
barrier higher than their kinetic energy would have allowed.

Despite the experimental success you might still be uneasy. After all, there is a very
good reason those regions were classically forbidden—energy conservation. How can our
results be consistent with energy conservation? We can look to the uncertainty principle
to get a heuristic picture of how this comes about. In order to measure negative kinetic
energies we would need to localise the particle with an accuracy

AX > 2a (8.52)

but this implies an uncertainty in momentum of

h
AP > % (8.53)
and therefore an uncertain in energy of
h2
ABZ o3 (8.54)

Additionally, in order to be sure we observe negative energy this uncertainty would have
to be less than V' — E and therefore

2,2 2

e AE > h

2m "~ ~ 8ma?

(8.55)
combining these two we find we would need, at the very least,

2na 2 1 (8.56)
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However, in the limit 2na > 1 we have

16n%k?

—4na
(IR e (8.57)

Pirans =
which decays exponentially! Even moderate values for 2na would yield a completely neg-
ligible transmission probability. So, in order to have enough precision to actually detect a
particle with negative energy directly the probability for that event is vanishingly small.
What we are instead able to observe is the frequency of particles that escape even when
they classically shouldn’t. Even then this exponential suppression is the origin of the long
half lives of these kinds of decays.

Our result only applies for a constant potential, but we can actually use a heuristic
argument to obtain a more generalised expression. First note that the dependence on a of
(8.57) is only through the exponential, the pre-factor being just a function of the incoming
energy. This allows us to write

log Pirans = const — 2nL (8.58)

where we wrote L = 2a as the width of the barrier. For a generic barrier shape we can
approximate it as many thin square barriers

INSERT PICTURE

Assuming that the probability of going through each slice is independent, the total
probability of going through the whole barrier will be given the product of the probabilities
of going through each individual slice. We can therefore write, up to a constant

1Og Ptotal ~ Z log Pslice = -2 Z leicenslice ~ =2 / dz 77(1:) (859)
where
2m(V(x) — E)
() = Y22UL (3.60)

All in all we wish to write something on the lines of

Pava = Coxp(~3 [ do /a7 ) 5.61)

Now of course our “derivation” was not very rigorous at all. Crucially, we had to
assume that the length of each slice was small, but in order to apply (8.57) we need na > 1
so in fact we need i > a~!; this in particular means we have no hope of trusting our
approximation when V(z) ~ E i.e. near the edges of our barrier.

Despite all of those objections (8.61) will turn out to be basically correct, its the true
justification comes via the semi-classical approximation methods developed by Harold Jef-
freys and later independently rediscovered by Gregor Wentzel, Hendrik Anthony Kramers,
and Léon Brillouin, usually called the WKBJ approximation.

8.3 Bound states in a potential well

So far we have restricted our attention to potential barriers, i.e. to V' > 0. What happens
we let V' drop bellow zero so that we are considering a potential well? In this section we
shall consider the potential

Vi) = {—Vo —a<z<a (8.62)

0 otherwise

Bound states in a potential well

88



SQUARE POTENTIALS

where Vj > 0.

For E > 0 the conclusions from the previous section continue to hold with no changes
at all. Our analysis was only dependent on the sign of E — V not on the sign of V itself.
The only distinction is that now we won’t be able to have V' > E > 0 to observe tunnelling.

The main difference is that now we are allowed to consider E < 0. In that case it is k
that will become complex, so we define

—2mkE
A:fM:A—#E— (8.63)
such that the generic solution for |z| > a will be
Y(x) = Ae™ ™ 4 Ber® (8.64)

Asymptotically we no longer have free particles, we instead have growing/decaying real
exponentials. In fact, it is not too hard to show that the flux vanishes for any |z| > a.
Consequently, we must consider normalisable wavefunctions as we don’t have the particle
beam interpretation to help us. This implies we can only have decaying exponentials, i.e.

Aer® z < —a
Y(z) = N (8.65)
Be™" x>a
Therefore, our particle almost certainly lies between © = —a and = = a. For this reason

these states are called bound states.
In the region the potential is non-zero g will be real and therefore our wavefunction
will be given by

Y(r) = Ce 9% 4 De™19* for —a<z<a (8.66)
where
2m(E + V,
= w (8.67)

To fix these four constants we will need to impose continuity of the wavefunction and
its derivative at * = +a, and at the end we normalise it. We can however make our lives
easier if we exploit parity. Our potential is invariant under parity and therefore so is our
Hamiltonian. Using the results from Section 6.3, we know that we can restrict our attention
to eigenstates of parity, i.e. to wavefunctions which are even or odd functions of z. Let us
consider these two cases in turn.

Parity-even wavefunctions Let us look for energy eigenstates among parity-even wave-
functions, i.e. ones that satisfy

P(x) = P(-x) (8.68)
Imposing this condition on (8.65) and (8.66) we find

A=B C=D (8.69)

which allows us to write (we have relabelled C' — C/2 for convenience)

Ae~Alel |z] > a
= 8.70
V@) {C’cos(qx) lz| < a ( )

Because we are dealing with an even-parity wavefunction we only need to impose

Bound states in a potential well
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continuity conditions at one of the points, taking = a we obtain

Ae™ =C cos(qa) (8.71)
~AAe ™ = — Cgsin(qa) (8.72)

Dividing these two equations we find
A = gtan(qa) (8.73)

Using the fact both A and ¢ are merely functions of E and Vj we can interpret this as
an equation for the allowed energy levels for the parity-even eigenfunctions. Despite the
simplicity of our potential this is a transcendental equation with no closed form solution.
We can however glean some properties of the solutions by looking at graphs.

Re-writing (8.67) as
2mVy

@+ A= = (8.74)
we can see that the allowed energies correspond to the intersection of the function
f(z) =ztanz (8.75)

with a circle of radius 2mVya?/h?. Where in our old variables z = ga and f(z) = Aa.
INSERT PLOTS

It is clear from the fact the circle has a finite radius that for any given Vj there will
be a finite set of discrete solutions. Further, because z tan z intersects the origin and then
grows monotonically, no matter how small the radius of the circle is, there will always be at
least one intersection. The number of additional solutions will depend on our parameters.
In particular, the way we have set up our graph, the only thing that varies is the radius of
the circle, which increases with both V;; and a. Therefore we conclude that both a deeper
and/or a wider potential well would have more possible energy eigenvalues. Specifically,
in the limit Vj — oo keeping a fixed, the intersections will basically be at the point where
tan z diverges, i.e. z &~ (n — 1/2)w for n € Z. In this limit, the energies of course will
blow up, but the difference between the energy and the bottom of the potential remains

constant
R27r2(2n — 1)2

E+ V=~ a2

(8.76)

which are the energy levels for our particle in the box! The reason we only get the odd
levels is because we are only looking at parity even wavefunctions. We see here that our
particle in a box was much closer to a potential well than to a free particle.

We can also have an approximate location for the intersections. The n'" intersection
will have to occur in between a zero of tan z and the next divergence, i.e.

n—lr<z< (n — ;)7‘( (8.77)

To obtain the full solutions we would have to plug in the relation between A and C'
and then normalise the wavefunction. We will not bother because it is not very instructive.
The most important result is the energy levels rather than accurate probabilities for the
position of the particle. We will nevertheless remark on a tunnelling-adjacent phenomenon.
For negative energies, classically, we would have expected that the particle would have been
fully trapped between z = —a and x = a, however, solving for A and C gives non-zero
solutions for both, which means the particle has a non-zero probability to be found outside

Bound states in a potential well
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the well. Just as with tunnelling this probability is exponentially small.

Parity-odd solutions The procedure is very similar to the parity-even case. We are now
looking for wavefunctions that obey

U(x) = —p(—x) (8.78)

therefore we must impose
A=-B C=-D (8.79)

which allows us to write (once again relabelling C' to something more convenient)

sgn(x)Ae Ml |z > a
i) = B (8.80)

C'sin(qx) lz] < a

The continuity relations will look like
Ae™** =C'sin(qa) (8.81)
—AAe ** =Cqcos(qa) (8.82)
Once again diving the two gives

A = —qcot(ga) (8.83)

This is still a transcendental equation which we can only solve graphically. We can
still use (8.74) to give our solution as an intersection of a circle of radius 2mVpa?/h? with
the function

f(z) = —zcotz (8.84)

where z = ga and f(z) = Aa.

INSERT PLOTS

The main difference with the previous case is that f(z) starts out negative, so the
first intersection can only occur after the first zero of cot z. This means that there is a
minimum radius for the circle below which there is no parity-odd solution. Given the
cotagent function has its first zero at z = 7/2 we conclude there are only parity-odd

eigenfunctions if

2mVpa? w2

h2 4
If the potential is too shallow or too narrow we will only have parity-even eigenfunctions.

(8.85)

The rest of the analysis is very similar, we can even take the Vj — oo limit to find the
solutions we were missing for the particle in the box limit. The divergences of cot happen
for z = nm, which gives us:
h%m%(2n)?

E+Vy~
TtV 8ma?

(8.86)

Only even integers contribute.

8.4 * Bound states from poles in scattering amplitudes

In the previous section, the use of parity eigenfunctions was quite helpful in finding the
bound state energies. Nevertheless, for the scattering experiments we did not use parity
eigenfunctions, we instead were considering sending particles from x — —oo. Let us see
what we can learn from using parity eigenfunctions.

Parity eigenfunction solutions can be constructed from linear combinations of (8.29).
Namely, denoting ¥ to be the parity-even solution and ¥ _ to be the parity-odd solution
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we can write

ek + (R+ T)e ke r<—a
Yi(x) =¢(x) £ (—x) = ¢ (AL B)e*® + (B+ A)e ™™ —a<z<a (8.87)
+e~ ke 4 (T £ R)elt® r>a

In this basis we no longer have the easy interpretation of reflection and transmission
amplitudes. Nevertheless, some straightforward (if fiddly) trigonometric manipulations
allow us to simplify the sum and difference of R and T to

RaT— e_2ikaik — qtan(qa)

Einld 8.88
ik + ¢ tan(qa) (8.88)
R—T = —o-ahad tiktan(ga) (8.89)
q — ik tan(qa) ’
which makes it easy to show that
IR+T|* =1 (8.90)

and therefore, these coefficients are just phases.

Our scenario is then the following. We have an incoming wavefunction of e~il#l or
—sgn(x)e~!I?l, respectively parity-even and parity-odd. That is, in order to have a parity
eigenfunction we need to have incoming particles coming from both direction, with either
sign.

INSERT PICTURE

Our outgoing wavefunctions are given by (R+T)e*I? or —sgn(z)(R —T)e™*?!, respec-
tively parity-even and parity-odd. Which also involve outgoing particles in both directions.

INSERT PICTURE

However, as expected, the outgoing wavefunction keeps its parity, that is, if we send a
parity-even/odd wavefunction we will witness an outgoing parity-even/odd wavefunction.
The coefficients R £ T' therefore characterise the phase shift between the incoming and
outgoing wavefunctions. The idea that the scattering experiment can be described by phase
shifts in the appropriate basis will continue to be important in more general circumstances.

What is more interesting is that, we can use the expressions (8.88) and (8.89) to
actually derive the bound state energies! To do, we first analytically continue our solution
to imaginary k, defining A = —ik. Our solution (ignoring the middle bit) will then look
like

-z Az
e M4+ (R+T)e r<—a
Yi(z) = { (8.91)

+er + (T R)e ™ z>a

but this involves growing exponentials! It seems like it is not a solution at all. Nonetheless,
we can use a trick to obtain the correct bound state solution. Just multiply the wavefunction
by (R+T)~t. After all, we are always allowed to multiply a wavefunction by a phase factor
without changing the physics. We then obtain

1 — Az Ax
1€ +e r < —a
Tﬁi(ﬂf) R+T (892)
—éﬁlTe)‘z +e™ zr>a

But, if R+ T would blow up, then the growing exponentials would be multiplied by zero,
leading to normalisable wavefunctions. In fact, we can check that for A = —ik the expres-
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sions (8.88) and (8.89) blow up if

A = gtan(qa) (8.93)
A = —qcot(ga) (8.94)

which are precisely the bound state energy equations for parity-even and parity-odd eigen-

functions!

This is a very simple example of a general phenomena. Poles in scattering amplitudes
correspond to bound states. In fact, in particle physics one often only has access to the
scattering amplitudes and we look for bound states by trying to find these poles. Exper-
imentally this is born out by finding resonances in the scattering of certain particles. In
fact, this is how the Z and the Higgs boson were discovered.

INSERT PLOTS FROM BOTH EXPERIMENTS

9 The harmonic oscillator

In many ways the harmonic oscillator is the most important physical system. Firstly, it is
exactly solvable, both in classical and quantum mechanics alike we can solve for the motion
of the harmonic oscillator exactly without having to resort to approximations or numerics.
Secondly, it is a good approximation for any physical system near a stable equilibrium.
This means that a large class of physical systems can be studied via perturbations of the
harmonic oscillator, making the exact results an important basis for many applications.
Finally it is the basis for most field theories. Although it is beyond the scope of these notes,
the beginnings of quantum field theories and particle physics will rely on mathematics which
are based on the harmonic oscillator. In fact, it is often said that a quantum field is merely
a collection of interacting harmonic oscillators. Although not quite true it still highlights
the importance of this system?.

Our goal in this chapter to find the spectrum of the following Hamiltonian

1
H=—+4 -mw?X? 9.1
2m + 2 (9-1)
where w classically would correspond to the natural angular frequency for the oscillations.
This will also bear out in the quantum scenario but for the time being can be taken as just
a free parameter dictating the strength of the oscillator.

This problem is so crucial that we will in fact solve it twice. We will first use
Schrodinger-like methods similar to those employed in the previous chapter to just outright
solve the differential equation that (9.1) gives in the position basis. This highlights impor-
tant features of the solutions and exemplifies useful methods for solving the Schrodinger
equation. After this we will re-derive all of our results using Heisenberg-like methods. The
harmonic oscillator is simple enough that there exists a slick purely algebraic derivation
of its spectrum. In turn this will introduce the language of raising and lowering operators
which will be crucial throughout all of quantum physics.

73 A former lecturer of mine used to joke that physicists only know how to solve two problems: the
free particle and the harmonic oscillator. All others have to either be reduced to one of these or treated
perturbatively.
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9.1 Solving the differential equation

The TISE in the position basis for the harmonic oscillator looks like

K2 d? 1
AU | et o(@) = Bl (9.2)

We can simplify this equation by defining new variables

2F
_ == 4
£=2 (949)
in terms of which the equation becomes
d2y
dy(;") (€= )l =0 (9.5)

To solve this equation we will first try to look at the large y limit. In this limit, the &£
term is negligible, so we find

d*y(y
20— i) =0 (9.6
which is approximately solved by
b(y) ~ Ae V1% 4 Bev'/? (9.7)

Note that this isn’t an exact solution of (9.6), it is only an approximate solution in the
large y limit, in fact

2
ddd;gy) = Ay2e_y2/2 + Bery2/2 — Ae7V'/? 4 Bev’/? (9.8)

which does satisfy (9.6) if the last two terms are negligible.
However, the B term grows exponentially, therefore it cannot correspond to a normal-
isable wavefunction. We must therefore take B = 0 and have only that

W(y) — Ae V' /2 (9.9)

as y? — oo.

All in all this motivates peeling off this exponential behaviour and defining

b(y) = h(y)e /2 (9.10)

Note that even if our motivation for this exponential behaviour involved some approxi-
mations, this definition is ezact. We are not making any approximations in the definition
of h(y). This method of peeling the asymptotic behaviour is very common when solving
differential equations. In terms of h(y) we have

W'(y) = 2yn'(y) + (€ = h(y) =0 (9.11)

Let us try a power series solution for h(y):

h(y) =Y any” (9.12)

Solving the differential equation
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plugging this in we find the following recursion relation for the coefficients a,,
(n+2)(n+1apt2 =2n+1—E)a, (9.13)

Given ag and aj, this recursion relation completely determines h(y). The fact we
have to fix two coefficients comes from the fact we are solving a second order differential
equation. Further notice how odd powers of y are completely independent from the even
powers of y. This is to be expected from the parity invariance of the Hamiltonian. We can
split our solutions into parity-even ones, only involving even powers of y, and parity-odd
ones, only involving odd powers of y.

For arbitrary £ let us examine the asymptotic behaviour of this series, i.e. the limit
n — oo. In this limit, the recursion relation is given approximately by

2
nt2 = —ap 9.14
Ap+2 nCL ( )

This can be approximately solved using factorials

C
n N —— 9.15
" /2] (919)
as can be seen from (n/2)! ) )
n/2)!
= ~ — 9.16
(n/241)! n/2+1 n (9.16)
In that case, asymptotically, h(y) would be given by
y" y2n/ )
_ — ey
h(y) — anc(n/%! = ;0 o =Ce (9.17)
But this is bad, it means
P(y) — Ce’ /2 (9.18)

which is again not normalisable! It’s that pesky B term that we were trying to get rid of.
We got it back because the equation for h was exact, we had to find it once more. Now we
must get rid of it.

The only way out of this conundrum is if the series terminates at some a,,. This would
impede us from using this asymptotic and obtaining exponential growth. In order for this
series to terminate, there must be an n € Z such that

Mm+1-E=0 (9.19)

In turn this implies that the only allowed energies are
1
En=2n+1 = En:hw<n+2) (9.20)

Note that the equation (9.11) has solutions for any £ € R, the restriction to &, comes
from further demanding the solution falls off at infinity quickly enough to be normalisable.
Once again it is the boundary conditions that give us quantisation

Solving the differential equation

INSERT PICTURE WITH THE SOLUTION FOR E SLIGHTLY ABOVE AND SLIGHTLY

BELOW THE ALLOWED VALUE

There are two features of this energy quantisation condition which are very worth
emphasising. Firstly, even the ground state as energy Fy = %ﬁw This zero-point energy is
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a common feature of quantum mechanics, and ultimately is the source of one of the unsolved
problems in physics, the cosmological constant problem, where the naive expectation for
the zero-point energy in quantum fields is 120 orders of magnitude off from the measured
value. In more mundane scenarios, this zero-point energy is the origin of the fact that
helium remains liquid even close to absolute zero (at normal pressures), its zero point
energy is enough to preclude its freezing.

Secondly, the difference between two energy eigenvalues is always an integer multiple
of hw. This fact was the original motivation for the introduction of the Planck constant.
In order to explain black-body radiation Max Planck supposed the light inside the box
was composed of a large number of oscillators whose energies would be Aw. We have now
re-derived this fact which was originally just an incredible guess.

To obtain the eigenfunctions we insert the quantised energies into our recursion relation,
finding (after relabelling our dummy variable n — j)

j—n

GTOGIDY (9.21)

Ajy2 = 2

The solution being polynomials of degree n. Luckily for us they have a special name,

they are called Hermite polynomials. They are normalised such that the coefficient of the
2™ term is 2" and are denoted by H,(y). The first five are given by

notice how even-numbered polynomials only involve even powers of y and similarly for the
odd-numered ones.

There are many important properties of these polynomials but the most important one
is their orthogonality

/dy e Y Hy(y) Ho(y) = 2"nINV/T S (9.28)

The fact they are orthogonal was to be expected because they arise from eigenfunctions of
a Hermitian operator H with distinct eigenvalues. The specific normalisation allows us to

write the normalised wavefunctions as

mw\1/4 1 mw _ mwz?
wn(x):(ﬁ> mm(whx)e an (9.29)

with energy E, = fw(n + 1/2).
INSERT PLOTS OF A FEW EIGENFUNCTIONS

Looking at the graphs a couple of qualitative features are clear. The ground state is

just a Gaussian centred on the equilibrium point. Higher order eigenfunctions will oscillate
giving rather complex patterns of where the particle is most likely to be. Nevertheless,
note that both (X) = 0 and (P) = 0, which is what we expect classically from a particle
oscillating in a quadratic potential. Additionally, notice that once more, the quantum
particle has a non-zero probability of being found in the classically forbidden region. Even
if this probability is exponentially suppressed.

Solving the differential equation
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Finally, if we plot the wavefunction for very high n we get
INSERT PICTURE

On average, we see that the particle is more likely to be found near the turning points.
This would also be true classically, as the particle is turning it slows down, so if you take a
photo at a random time you are much more likely to find it near those points that at the
middle were it is moving quite fast. This highlights another common feature of quantum
mechanics, for larger energies we approach classical behaviour.

9.2 Raising and lowering operators

The method of the previous section was quite successful but took some hard work. There
is however a trick if we use the Heisenberg picture. The Heisenberg equations of motion
for X and P are

dx P

—_— == 9.30
dt m ( )
dP

T —mw? X (9.31)

These are simple but they are are not diagonal. It would extremely convenient if we
managed to find a linear combination of X and P such that these equations of motion were
diagonal. Let us define a new operator

A=aX +BP (9.32)

such that its Heisenberg evolution is given by

dA
— =) 9.33
gr (9.33)
To find «, B, and A we impose (9.31):
dA dX dpP P 9
o= — =a— — X 9.34
T TR Ty (9:34)
equating with (9.33) we get
_ 2 _ A )\2 — 2
{ rwr” =da { “ (9.35)
&= B= i
In particular A is pure imaginary and we can write
dA*
where )
At = a(X ¥ 1P) (9.37)
mw

These operators have a particularly simple time dependence:
AE(t) = et A% (0) (9.38)

The normalisation, as is usual with these sorts of problems is free to choose. The

Raising and lowering operators
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conventional choice for a can be motivated by looking at the commutator

202h
mw

(9.39)

e i)

We define the normalisation by setting this commutator to 1, correspond to the choice

mw
= — 9.40

a= (9.40)

With this choice it is straightforward to see that A~ = (A*)f. Because these are not

Hermitian operators they won’t correspond to observables so we won’t try to diagonalise
them and so we don’t need a distinction between the operator and its eigenvalue. Therefore
we can use the more conventional notation of lower case for these operators:

a= @(X + min) (9.41)

[a,al] =1 (9.42)

which obey

and whose time dependence in the Heisenberg picture is given by

a(t) = a(0)e " (9.43)

We can also invert this definition to write X and P in terms of a and af:

X =4/ 2:w (a+al) (9.44)
P =iy h";” (a—ah) (9.45)

and plug these expressions back into the Hamiltonian to find

h 1
H= %(aaT +ala) = hw(aTa + 2) (9.46)

where in the last equality we used (9.42). With this expression you can already see the
%hw zero-point energy. We haven’t proved that this is the energy of the ground state, but
you can already see that term.

Using the above expressions it is also straightforward to show that
[H,a] = —hwa [H,a'] = hwa' (9.47)

these commutation relations are the key to finding the spectrum. Diagonalising the Heisen-
berg equations of motion was merely a motivation to find operators which would obey
these commutation relations with the Hamiltonian. For, imagine |F) is an eigenstate of
the Hamiltonian with energy E:

H|E) = FE|E) (9.48)

then the state a |E) will also be an energy eigenstate but with energy F — hw

Ha|E) = ([H,a] + aH) |E) = (E — hw)a |E) (9.49)

Raising and lowering operators
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Similarly, the ket af |E) will have energy F + hw
Hd' |E) = ([H,a'] + a'H) |E) = (E + hw)a' |E) (9.50)

The operators a and a' respectively, lower and raise the energy of a given eigenstate
by Aw. For this reason they are called ladder operators or simply raising and lowering
operators. From one eigenstate we can apply a or a' repeatedly to find other eigenstates.

But we have an issue, if we have a given energy eigenstate |E) then by applying a
over and over again we can find eigenstates with arbitrarily low energy. This is very bad
physically. If the Hamiltonian is unbounded below then a particle in any state could emit
infinite energy as it cascades down the ladder. This is clearly untenable so we must have
that there is a state |0) such that

al0)=0 (9.51)

thereby terminating our cascade and finding the lowest energy eigenvalue. This is the
ground state and it has energy

H{0) = hw(cﬁa + ;) 0) = % 10) (9.52)

The remaining energy eigenstates can be found by repeated application of af:

In) = C(a’)" |0) (9.53)
with energy .

which is our energy spectrum from before. Now we managed to find it from purely algebraic
means, no differential equations in sight. It is also clear from this approach that the
quantisation of the energy eigenvalues came from the fact the Hamiltonian must be bounded
below.

We can also find the correct normalisation for these states

(nln) = O 0] a" (af)"

= n|CP? (0] a 1a*)”*1|o
= n!|C)? (0]0) (9.55)

therefore, if |0) is correctly normalised we should choose C' = \/% and hence define the

normalised energy eigenstates via
In) = —(a®)" |0) (9.56)
In particular we can use this definition to show that
a'lny=vVn+1|ln+1) and aln)=+nn—1) (9.57)

We have managed to find the whole energy spectrum in a purely algebraic fashion,

Raising and lowering operators
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no position basis or Schrodinger equation in sight. However, we can easily convert to the
position basis and find our previous wavefunctions. First, we find the ground state by
imposing

(x]al0) =0 = (x + T:Liﬂ)zﬂo(x) =0 (9.58)

where ¢o(z) = (z|0). This is an easily solvable first order differential equation

_mwmz

Yo(x) = Be™ 2 (9.59)

to find B we just impose that (0|0) = 1 or equivalently

mwa? wh
1=/dx|¢0(x)|2:/dx|B|Qe_ # = By T (9.60)

Therefore we must impose B = (%)1/4:
mw\ V4 _ mus?
wo(.’IJ) = (7}1) e 2h (961)

For higher n we have

w ( ) 1 (mw) (mw ) n/2 FL d n67 'm;;rz?
Tr) = —— — — xr— ——— 0 frd
" vnl\ Th 2h mw dz
mwy\1/4 1 d\" _ 2
= (== - - - -y~/2
(%) e (y dy) e (9.62)
where we, once again, defined for convenience

y=4/—=a (9.63)

This is of course some polynomial of degree n multiplied by e=¥’/2. We can use the
Rodrigues’s formula

H,(y) =¥/ (y - ;y) o v/ (9.64)

to once again identify the Hermite polynomials. We then obtain

mw\ /4 1 mw  mws?

as expected.
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Central Potentials and Angular Mo-
mentum

So far we have focused on 1-dimensional quantum systems, even though the real world is in
fact 3-dimensional. Indeed we were entirely missing the physics of rotations and spherical
symmetry. We will now look into spherically symmetric quantum systems in 3 spatial
dimensions. In particular, we will focus our attention on a single particle subjected to a
central potential, 7.e. one that only depends on the distance to some central point, usually
taken as the origin of our frame of reference. Along the way we shall uncover the physics of
angular momentum, both orbital and spin, leading to an explanation of the Stern-Gerlach
experiment that kicked off our journey.

10 Spherical symmetry

In this chapter we will study particles subjected to a central potential, i.e. ones whose
potential is given by V(z) = V(r) where 72 = |&|* = 22 + y? + 22. These potentials are
special because they exhibit spherical symmetry and will therefore serve as an entry-way
to the quantum physics of angular momentum. The canonical example of this type of
potentials is the Coulomb potential that an electron experiences in a Hydrogen atom:

Vi(r)=— Treor (10.1)
where —e is the charge of the electron, and ¢q is the vacuum permittivity.

We begin by briefly describing the minor changes that are needed to describe 3-
dimensional quantum systems. Then we follow a structure similar to what we used to
study the harmonic oscillator. We first use analytic methods to separate the radial and
angular components of the wavefunction and solve the angular equations to arrive at the
spherical harmonics. Then we use algebraic methods to get at the same separation of vari-
ables and interpret the spherical harmonics as eigenfunctions of the angular momentum
operator. Interestingly we shall see a small discrepancy between the two methods—the
algebraic method allows for half-integer angular momentum which cannot be described
using spherical harmonics. In Chapter 12 we shall return to this disparity and see what
physics lies there.

10.1 Quantum mechanics in 3 dimensions

Most of the changes needed to describe 3 spatial dimensions are rather trivial, in 3D the

position and momentum are vectors, X and P. Fourier transforms are now written as

(k) = /d?’xe*ik'mw(m) (10.2)
with inverse given by ;
A’k pew -
vi) = [ e (103)
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The Dirac-§ is now defined via
/ B f(2)6 (@ — ') = () (10.4)
You can think of this Dirac-d as the product of the Dirac-ds for the individual directions
3™ (@) = 6(2)5(y)d(2) (10.5)

It can also be represented in terms of Fourier modes as
Bk 4.

The de Broglie relation between wavenumber and momentum will now imply that the
momentum in the position basis acts like the gradient operator:

P = —ihV (10.7)
therefore, the commutator between the position and momentum gives
[Xi, Pi] = ihdy; (10.8)

where 7,7 = 1,2,3. This is exactly what we would have expected from analogy with the
Poisson bracket.

The (time-independent) Schrodinger equation therefore becomes

2
5. V(@) + V() = Bie) (109)

where V2 is the 3-dimensional Laplacian:

0 0?02

277 [ —_—
v 78x2+8y2+822

(10.10)

You may noticed we have slightly changed our notation and used p for the mass rather
than m, there are two reasons for this. Firstly, m is conventionally used to denote the
quantum number for the z component of the angular momentum. I do recognise this is
a rather weak excuse because mass was m before that quantum number. A much better
reason is that p is not the mass of the particle, it is in fact the reduced mass of the two-body
problem, in perfect analogy with the classical definition. Before we proceed let us examine
how that bears out in the quantum context.

Central potentials (and in fact most potentials) actually arise from an interaction
between two particles, which, because of translation invariance, will only depend on the
difference between their positions

P2 P

H = V(X — X 10.11
2me + 2mpy + VI N) ( )

where the labels e and N refer to “electron” and “nucleon” which would be the case in the
Hydrogen atom.
We can now introduce a relative and centre of mass position variables:
meXe + mNXN

Xre] = Xe — XN XCM = (10.12)
Me + My
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and similarly a relative and centre of mass momentum variables

P, = M(Pe - PN) Pcy = P. + Py (10.13)
Mme myn
where o
o= WTJV\ZN (10.14)
It is straightforward to then verify that
H= P + Péy +V(Xya1) (10.15)

2p 2(me + mN)

You can also verify that the new position and momentum variables satisfy the usual
relation:

(10.16)

P, = —-ihV, P, = —ihV g
-
Py = —ihV N Py = —ihVeum

which in turn means they obey the canonical commutation relations, and additionally, the
two sets of variables completely commute

[Pre1, Xom] = [Xiel, Pom] = 0 (10.17)

Therefore the Hamiltonian fully commutes with Pcyr, so eigenstates of H can also be
taken to be eigenstates of Pcy, and therefore we can write

V(@O Brer) = CFPEN TN () (10.18)

where 1)(2,e1) obeys 10.9 if we drop the ‘rel’ label. The internal energy described by 10.9
is related to the total energy given by 10.11 via

2
Pom

B = E+ —2YeMm 10.19

rot 2(me + mp) ( )

It seems like a lot of work to justify a simple notational difference but it has experi-
mentally observed consequences. We shall later derive the spectrum of the Hydrogen atom,
but it will depend on both the charge and the reduced mass. However, there are several
isotopes of Hydrogen, e.g. 'H, with a single proton in the nucleons, and 2H with a pro-
ton and a neutron, usually called deuterium. These have quite different nucleon masses:
mig =~ 1836m,. and mzg ~ 3670m,; and consequently slightly different reduced masses:
pig =~ 0.99945m,. and pzpg = 0.99973m.. However small, this difference has been detected
experimentally.

10.2 Spherical harmonics

As is standard in spherically symmetric problems it is convenient to introduce spherical
polar coordinates given by

x=rsinfcos¢ y=rsinfsing 2z =rcosb (10.20)

where r > 0,0 < ¢ < 2m, 0< 0 < 7.
INSERT PICTURE WITH DEFINITION OF SPHERICAL COORDINATES

Spherical harmonics

103



SPHERICAL SYMMETRY

In these coordinates the Laplacian is given by

100N, 1 o( 0y, 1
v “2ar\ or +r251n989 bmeae +7‘25in205¢2 (10.21)

So that the TISE looks like

h2 1 a 2 ad’(ﬁ 05 ¢) 1 a . 31/}(7", 0, ¢) 1 821/}(7"7 97 QS)
2 {7"287“ <T or > + 2 sin 6 90 (sm b 06 ) * r2sin?f  Jg¢?

+V(r)Y(r,0,¢9) = EY(r,0,¢) (10.22)

This looks rather complicated but we can try separation of variables to solve it. That
is we look for solutions of the type:

P(r,0,0) = R(r)Y(60,9) (10.23)

in terms of which (10.22) becomes

1 d <T2 dR(T)) _ 2ur? (V(r)—E) =

R(r) dr dr h2
__ L (L0 49Y0.9) 1 9?Y(6,0)
=_ W (5111989 (sm@ 20 > + snZ0 042 > (10.24)

The LHS only depends on r and the RHS only depends on 6 and ¢; therefore they must
both equal some constant A:

1 d dR(r) 21 -
R(r)dr<7"2 ar ) — 5z V() - E) =2 (10.25)

1 1L 0. ,0Y(0.¢) 1 9?Y(0,0)\
Y(0,9) (sineae (Sme a0 > TS g2 > = (10.26)

Bearing in mind that the integration measure in polar coordinates is
A3z = r?sin 6 dr df dy (10.27)

the condition that 1 (r, 0, ¢) is square integrable becomes, in terms of the new variables

o] 2m T
/ drr?|R(r)]> < oo and / d¢/ dfsin0|Y (0, ¢)|* < oo (10.28)
0 0 0
we sometimes also write
d* = d¢dhsinb (10.29)
as the differential solid angle for simplicity.

Let us focus on the angular equation:

19 (. ,dY(0,9) 1 0°Y(0,9)
Sind 90 (bme 00 >+sin29 62

+AY(0,4) =0 (10.30)

To solve this equation we once again try separation of variables:

Y (0, ¢) = P(0)P(9) (10.31)

Spherical harmonics
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plugging this in we find:

L (04 (4 0d80) 2 1 a%0(9)
M(bm&(ﬂg(sm&(w) + Asin 9P(9)> = —m 152 (10.32)

and once more we notice that the LHS depends only on 6 and the RHS depends only on ¢
to conclude that they must both equal a constant which we write:

% <Sin 9% (Sin Qdﬁg")> + Asin? 9p(9)> —m2 (10.33)
L Bee)
B(p) do® (10.34)

The condition for square integrability in these variables becomes

2m

46 |B(0)2 < o0 and /ﬂ d0sin 0| P(0)[2 < oo (10.35)
0 0

The solution to the ¢ equation is quite straightforward:
&(¢) = Cetim?e (10.36)

and from this we obtain our first quantisation condition. In spherical coordinates single-
valued functions must be periodic under ¢ — ¢ + 2x, the only way this can be true for our
solutions is if m is an integer.

To solve the 6 equation we first do a change of variables by defining
z =cosf (10.37)

in terms of which the equation becomes

% ((1 - Z?ﬁi?) FAP(2) — 1T22P(z) —0 (10.38)

Let us first examine the m = 0 case and try a power series solution
oo
P(z2)=> an2" (10.39)
n=0
We can then plug this in to derive a recurrence relation among these coefficients
(n+2)(n+ Dapia = (n* +n— Nay, (10.40)

Similarly to what we did for the harmonic oscillator let us examine the large n be-

haviour:
An+2

Qn

—1 (10.41)

This means that for large n, the series comes a polynomial in z plus

. C
Czn:z = (10.42)

but this is singular at z = 1, or equivalently § = 0. In fact, this solution is not square
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integrable!
T 1
/desine|P(e)|2=/ dz [P())? (10.43)
0 —1
but
! 1
/ dz ——— (10.44)
ST
is infinite!

The only option is to do what we did for the harmonic oscillator and demand that the
series terminates. This means that there exists an integer ¢ € Z§ such that

A=0(l+1) (10.45)

Once again it is the boundary conditions that give us quantised quantities. Firstly
periodicity in ¢ and then regularity in 6.

The polynomial solutions for A = £(¢£+ 1) and m = 0, are called Legendre polynomials,
and are denoted by Py(z). They obey

d dPg(Z)
—((1-2? DPy(z) = 10.4
dz(( 2%) - + (L +1)Py(2) =0 (10.46)
and the first few are given by
Py(z)=1 (10.47)
Pi(z)==z2 (10.48)
1
Py(2) = 5(32° —1) (10.49)
1
Py(2) = 5(52° - 32) (10.50)
1
Py(z) = é(35z4 — 302" +3) (10.51)
where they are conventionally normalised such that
! 1
/ dz Py(2) Py (2) = —derr (10.52)
—1 {4+ 5

From the Legendre polynomials it is not too hard to obtain the solution for generic m.
Firstly, we notice that

PP (z) = ()™ (1— 22)7"/2(%13@(2) (10.53)

solves (10.38) for m > 0. These are called associated Legendre functions. Then we notice
that (10.38) only involves m? so the solution for positive and negative m must be the same.
Notice how if we take more than ¢ derivatives we get zero, therefore we conclude that

Im| < ¢ (10.54)
We can therefore write the full solution for the angular equation:
Y;™(0,) o< P™(cos 0)e™¢ (10.55)

The normalised Y,;” are called spherical harmonics and dictate the angular dependence of

Spherical harmonics

106



SPHERICAL SYMMETRY

a wavefunction subjected to a central potential.
Using the standard convention that for negative m we write the associated Legendre

functions as (€ — !
— |mj). |m‘
P
(0 + m|)!" ¢

we can write the normalised spherical harmonics as

P (z) = (—1)im! (2) (10.56)

(+L@—m) .
Y™ (0,1) = ;T2 Melm@ﬁ(coge) (10.57)

Deriving the normalisation factor is quite tricky. Additionally, it is quite laborious to
apply the recurrence relation to find Py first and then apply a number of derivatives to find
the final answer. There is however a very simple trick to obtain the spherical harmonics
using only simple calculations.

First, we notice that (10.40) comes in steps of 2. That is, we either only have even
powers of cos 8 or only odd powers of cos . Defining the normalised unit vectors as

(10.58)

we can write
=22+ 92 422 (10.59)

but in polar coordinates Z = cosf, we had just omitted the hat earlier for brevity. This
means that despite P being a polynomial with many different powers of Z we can actually
make it a homogenous polynomial of order ¢ in Z, §, £ by using (10.59) repeatedly, that is
we can make such that

Py(ai, af, a2) = o' Py(2, 7, 2) (10.60)

For example we can write
(2> +9%) (10.61)

This argument clearly also applies to the m'" derivative of P;. But it seems like we
run into an issue with the factor of (1 — 22)™/2 in (10.53). There is however a solution.
We introduce new variables:

Ty = x + iy = rsin feT? (10.62)
this allows us to write (for m > 0
(1 — 22)Iml/2eEime — (i g)ImleFime — zm (10.63)

Therefore the spherical harmonics are homogeneous polynomials of degree £ in the variables
Z4+ and 2. Where the number v4 of factors £+ must be such that

m=vy —v_ (10.64)

We're not done yet but we are close. If ¥, is a homogeneous polynomial of degree ¢
in 24+ and 2, then 7/Y;™ must be a homogeneous polynomial in r1 and 2. Using (10.21)
and (10.30) with A = £(£ + 1) we find that

Vi(rty") =0 (10.65)
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And now we have our algorithm for finding Y,”*. We first fix ¢ and m; then we find
the most generic homogeneous polynomial of degree ¢ in 1 and Z such that m = v, —v_
then we impose (10.65); finally we normalise. As an example let us apply this method to
find all spherical harmonics with ¢ < 2

¢ =0: Yy cannot have any factors at all of 24 or 2 therefore it must be a constant. We
trivially find

(10.66)

¢ = 1: BEach Y™ must have a single factor of 2+ or 2. In particular Y;! must be proportional
to 24; Y to 2; and Yl_1 to &_. Therefore, after normalising we find

3 /3
Vi = -/ —iy = —y/— sinfe? (10.67)
8 8w
Y = i 1/— cos 6 (10.68)
! ir” 47 ’
_ 3 3
v = g8 =[5 sinbe ¢ (10.69)

¢ =2: Each Y;” must have exactly two factors of 1 or 2. For Y2i2 it is straightforward,
they must be proportional to #3. Similarly Y2jEl o« #42. For Y3 it is a little bit
more involved because both Z;2_ and 2 work. We therefore impose (10.65) on an
arbitrary linear combination of the two:

V2(r?Yy) = V¥ (Az 2 + B2%) = V*(A(z? +y*) + B2?) =4A+ 2B (10.70)

therefore we conclude B = —2A, and that Yy oc 248 — 22 =1—3cos?6. All in all,
after normalising we find

Y$ = \/ i = ﬁsm 2 pe?io (10.71)

Yy =\ —&,5=— sin 6 cos fe'? (10.72)

5
0 _ s A A o _
Yy = —167T(2z i) =1/— Tom (3cos®0 —1) (10.73)

15 15
Y, ! = \/8—33_2 =/ ——sinfcosfe™" (10.74)
™ T

=/ == sin? fe~2® (10.75)

_.
Cﬂ
=

:1 o

As usual, the phases are completely arbitrary and dependent on convention. The ones
we chose were for convenience in the next section.

INSERT PLOTS OF THE SPHERICAL HARMONICS

The spherical harmonics are not only normalised by they are orthogonal

[ 270,67 0.6) = S (10.76)

additionally they change by a factor of (—1)* under parity:

Y{M(m = 0,7+ ¢) = (=1)Y"(6,9) (10.77)
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10.3 Orbital angular momentum

In the previous section we derived the spherical harmonics as the solution to the angular
part of the time-independent Schrodinger equation after separation by parts. We found
that the solutions were indexed by two integers, their quantisation being a consequence
of the single-valuedness and square-integrability of the wavefunction in spherical polar
coordinates. Now we are going to re-derive those results in a purely algebraic manner.
They key is to bring up the concept of angular momentum. After all, it is usually a
convenient concept to use when solving rotationally invariant problems.

In classical mechanics the angular momentum was defined as the vector product be-
tween the position and momentum, it is therefore reasonable to define a quantum angular

momentum operator via
L=XxP (10.78)

which in the position basis becomes
L =—ihx XV (10.79)

We can also write these using Einstein summation convention and the Levi-Civita
symbol

0
Li = Giijij = —iheijkxj— (1080)
axk
where

1 even permutation of 123

€ijk = § —1 odd permutation of 123 (10.81)
0  otherwise

Using either of these expressions it is not too hard to show that this operator is indeed

Hermitian, therefore corresponding to a physical observable.
We can now compute the commutators of L with the position and momentum:

[Li, Xj] = eilek [Pl, Xj] = —iheilekdlj = iheiijk (10.82)
[Li, Pj] = €ira[ X, Pj] Py = iheini0x; Pr = iheiji Py (10.83)
where we have used (10.8).

Using these results we can also compute the commutator between different components
of the angular momentum

[Li, L;] = €jm[Li, Xe P) = € ([Ls, Xi) P, + Xi[Li, P]) (10.84)
= ihejkl(GikamPl + X]geilmpm) (10.85)

using the following identity

€ijk€lmk = 0i10jm — OimOkl (10.86)

we find
[Li, Lj] = ih(Xom Pi(5i01m — 05m01i) — XbPrm(35i0km — 0jmOki)) (10.87)
=in(X;P; — X; ;) (10.88)

however, using (10.86) we find

€kl = €ijk€rim X1 Py = (5il6jm - 6im6jl)Xle =X;P; - X, P (10.89)
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therefore we conclude that
[Li, LJ] = ihéijkLk (1090)

The components of the angular momentum don’t commute with each other! By the
Heisenberg uncertainty principle we conclude that it is not possible to fully specify the
vector L. If we specify any one component, say L, then we cannot have absolute precision
in L, or L,. This is ultimately due to the fact that rotations do not commute, that is,
rotating by an angle « around an axis © and then rotating about an angle 8 around an
axis @ is not the same as doing it in the reverse order:

INSERT PICTURE

Although as we will see later, despite appearances L is not the generator of rotations.

In any case we can write the above commutation relations in a more generic way, let V'
be a stand-in for X, P or L. Then we can summarise the above commutation relations

as
[Li, ‘/]] = iheijkvk (1091)

Then, if U is another vector which satisfies the same commutation relation (could be equal
to V or it could be different), then the following will hold for the inner product of the two

[Li, ‘/}U]] = VJ[LZ, UJ} + [Li, V}]U] = iﬁqjk(VjUk + VkUj) =0 (1092)

where in the last equality we used the antisymmetry of the Levi-Civita symbol.

In particular this means we can write
[L,X*]=[L,P*] =[L,L* =0 (10.93)

We can draw two conclusions from this fact. Firstly, even though the individual com-
ponents do not commute with each other, the square of the angular momentum commutes
with every component. This means we are able to know the total angular momentum and
any one of its components, even if we cannot determine it exactly.

Secondly, for a central potential, the Hamiltonian H is a function of only X? and P2,

therefore we conclude
[L,H] =0 (10.94)

We have recovered the classical fact that the angular momentum is conserved if the potential
is spherically symmetric. Additionally, this means that we simultaneously diagonalise the
Hamiltonian H, the total angular momentum L?, and any one component of the angular
momentum, usually chosen to be L,. In particular, if we wish to find the energy eigenstates
we can first find the eigenstates of L? and L., i.e. states |\, m) that satisfy

L? |\, m) = B\ |\, m) (10.95)
L. |A,m) =hm|\,m) (10.96)

where the factors of & are just for convenience to make A\ and m dimensionless.

To find these eigenvalues and eigenvectors we introduce ladder operators, like we did
for the harmonic oscillator:
Ly=L,+iL, (10.97)

The reason we call these “ladder” operators is because of their commutation relations with

741n fact, this will work for any vector constructed from X and P

Orbital angular momentum
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L. and L?
[L.,L+]=[L., L] +i[L., L, =ihLy + hL, = +h(L, +iL,) = £hL+ (10.98)
[L?, Ly = [L? Ly] £i[L* L,] =0 (10.99)

Using these we can calculate the action of L? and L, on the state Ly |\, m)

L?Ly |\, m) = LiL* |\, m) = h*\Ly |\, m) (10.100)
L.Li|\m)= (Lil,+hLy) |\, m)=h(m=+1)Ly]|\,m) (10.101)

which means the state L |\, m) is an eigenstate of L? and L., respectively with eigenvalues
R\ and h(m £ 1).

Acting with the operators L1 does not change the eigenvalue of L? but it raises/lowers
the eigenvalue of L, by +h. However, this ladder of states must terminate. This is because
the angular momentum along the z direction cannot be greater than the total angular
momentum. To be precise, we can look at expectation values:

(L*) = (L2) + (L) + (L2) = (L2) (10.102)
therefore™
(N,m| L2 |\, m) = B2X = (\,m| L2 |\, m) = i*’m? = m? <\ (10.103)
This means there must be a state |\, mmax) such that
L |\ Munax) = 0 (10.104)

and a state |\, mmpyin) such that
L |\ Mumin) = 0 (10.105)

Using the fact that
LiLs = (Ly +iLy)(Le Fily) = L3 + L} Fi[Ly, L,) = L* — L2 & hL. (10.106)
We can calculate mpyin and mupyay in terms of A:

L? |\ o) = (L_Ly 4+ L? + AL.) I\, Mumax) = T2Mmax (Mmax + 1) |\, Mmax)  (10.107)
L? |\, mumin) = (Ly L+ L2 — AL.) | A\, Manin) = B2Mumin (Mumin — 1) [A, Mmax)  (10.108)

but both of these should have the same eigenvalue of L?: h%); we therefore conclude that
A= mmax(mmax + ]-) = mmin(mmin - ]-) (10109)

this has two possible solutions, either my.x = Mmin — 1 which is absurd because it would

imply the maximum value of m is below its minimum, or
Mmax = —Mmin = 4 (10110)

Therefore, the eigenvalues of L, are hm where m goes between —¢ and ¢ in integer

75Note that L is Hermitian, therefore m is real.

Orbital angular momentum
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steps. This in turn implies that there is some integer N such that

(=—l+N = e:g (10.111)

so £ must be either a integer or a half-integer!

All in all, the eigenstates of L? and L, can be labelled by two numbers ¢ and m such
that
L?|6,m) = K2 +1)|¢,m) and L, |¢,m) = hm|¢,m) (10.112)

and

=0,

1,0
2

% yeoo m=—L, —0+1,...,0—1 ¢ (10.113)

The number £ is sometimes called the total angular momentum quantum number, but
beware, it is not true that £ is the eigenvalue of | L|, instead the eigenvalue of |L|is /4(¢ + 1)
which is larger than ¢ unless ¢ = 0. This also means that the angular momentum can never
fully point in the z-direction. This is a direct consequence of the Heisenberg uncertainty
principle, if the angular momentum would point fully in the z-direction then we would be
able to know all of the other components with absolute precision, which is not possible.
The difference between ¢ and /¢(¢+ 1) allows for the necessary leeway to abide by the

uncertainty principle.
INSERT PICTURE

Before we proceed to write these eigenstates in spherical coordinates, let us fully write
Ly |¢,m) in terms of [¢,m = 1). First we note that LL = L_, then we write

1= ({,m+1/6,m+1) =|Ce|> (¢,m| LLLs [6,m) = |C+|” (€, m| L=L+ |6, m) (10.114)
= |Cxl? (¢, m| (L* — L2 F hL,) |6, m) = |C > K2 (L(£ + 1) — m(m £ 1)) (10.115)

therefore we conclude

Lill,m)=CI 6, m+1) =0l +1) —m(m£1)|6,m=+1) (10.116)

These states have non-negative norm if and only if —¢ < m < £ which is another to prove
the bound on m.

10.4 Eigenstates of L? and L. in spherical coordinates

The notation for the eigenvalues of L? and L, was identical to the one used for the pa-
rameters in the spherical harmonics. This is not a coincidence, in this section we will show
that the spherical harmonics are the eigenstates of L? and L, when written in the position
basis using spherical coordinates.

Using (10.80) we find (where we have included a function f(x) on the right to make
the action of the derivatives clearer)

1o} 0
L3f(@) = LiLif (@) = ~Wesncint; 5 - (xl g;:)) (10.117)

applying (10.86) we get

L2f(x) = — 1?2 <xj£k (xjaa*’:g?) - :cjaixk (mk agg(:::)» (10.118)
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using the fact

- =0y (10.119)

we find

jaxkaxki J Oz, J k@xjaxk

Pf) ., of@ 32f(m)> (10.120)

L?f(x) = —1? (zjx

The first term is easy to identify because r? = z;z; and in Cartesian coordinates

2 2 2 2
V? = % + 8%2 + % = ax(jaxj (10.121)
therefore 8 f(z) -
xjxjm =r*V°f(xz) (10.122)
The other terms are a bit trickier, we first have to write
x3£< kagif)) =z agif) +zjz g;fgzi (10.123)
so that we can have
2
—2u; (9(];;.:3) — xja gxfgﬁi _— 3£$) - jaij<xk agi?) (10.124)
finally we identify
;i 653(5) - ragf) (10.125)

so that we can conclude

dx; TiTk O0x;0xy, or "or

—2.’Ej
Putting all of this together allows us to write
9 ( ,0f(x)
2 _ 12,292 R
Lef(x)=—h <7" Vef(x) o <r ar (10.127)

This expression is rather useful, we can use to immediately conclude two things. Firstly,

s 19/,0 L?
V2 — o (10.128)

we can write
2 or =
which allows us to write the TISE in spherical coordinates as

_ n? 2 Tzaw(w)
2ur? or or

) * Q:TQ Ly(x) + V(r)y(z) = Ed(x) (10.129)

If 1 (x) is chosen to be an eigenstate of L? with eigenvalue h2/(¢ + 1) we get

2 x 2
- QZTQ % <7”2 a%(,, )> + 2Zr2€(€ + D(x) + V(r)y(z) = Ey(x) (10.130)

which is the same as (10.25) with A = ¢(£ + 1).
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In fact, comparing with (10.21) we can see that

1 0 0 1 02
L= - — - (sinf= | + ——= 10.131
(sin 600 (Sm 39> * SinZa a¢2) (10.131)
This means that the spherical harmonics are eigenstates of the total angular momentum
L2Y[™(0,9) = h*(L 4+ 1)Y{™(0,) (10.132)

Additionally, one can write

9 w0 o 020 _
0p  0p0x  0p0y 0p0z

= —rsinﬁsingb% +rsin9cos¢§y = _ya% +33(% —
i
= ;L. (10.133)
therefore J—
LY (0,6) = —in D) _pymg ) (10.134)

O

Therefore the eigenstates |¢,m) of L? and L,, when written in the position basis are
precisely the spherical harmonics we derived earlier. The method of separation of variables
is equivalent to the simultaneous diagonalisation of H, L? and L..

There is, however, one crucial difference. When we solved the angular equation to
obtain the spherical harmonics we only found integer m and ¢. On the other hand, the
algebraic arguments from the previous section also allowed for half-integer m and ¢. These
half-integer solutions cannot correspond to a single-valued function of # and ¢, in for

1

example, if m = 5 we would have

Y20, 6+ 21) = =Y, /*(6, ) (10.135)

which would not lead to a single-valued wavefunction”®. At this point, the only logical con-
clusion is to take these half-integer states as spurious and remove them from consideration.
We will return to this in Chapter 12 where we will make use of these half-integer states.

11 Solving the radial equation

Either by separation of variables or by finding the angular momentum eigenstates all we
have left to do to find the energy eigenvalues is to solve the radial equation. In this chapter
we will begin with some generic properties valid for any potential, including how it can
be reduced to a 1-dimensional problem and the small r behaviour. Then we focus on a
particular example—the Coulomb potential felt by an electron in a Hydrogen atom. We
will find that the energy levels derived from there are more degenerate than we would have
otherwise predicted, this is due to a non-trivial additional symmetry which can provide a
slicker (if less intuitive) derivation of the energy spectrum.

76You might wonder why I didn’t mention the normalisability. In fact, the argument for integer £ using
normalisability of the 6 integration set m = 0, however, if ¢ is half-integer we never hit m = 0 so the
argument doesn’t apply.
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11.1 The effective potential

The equation we wish to solve is

_227"2 % (rzdlzir)) + 227"2 L+ 1DR(r)+V(r)R(r) = ER(r) (11.1)

subject to the normalisability requirement

/Oo dr 72| R(r)|” < oo (11.2)
0

If we define a new variable
u(r) = rR(r) (11.3)

then this equation will look exactly like the Schrodinger equation in 1 dimension:

_712 d2u(r) N (V(r) N h20(0+ 1)

2p  dr? 22 >U(7‘)=EU(7") (11.4)

with an effective potential
R0+ 1)

Verr(r) =V (r) + 2y

(11.5)

which includes a centrifugal barrier
INSERT PLOT

The normalisation condition in terms of u(r) is also exactly what you would expect

from a particle in 1 dimension

/OO dr Ju(r)]* < o (11.6)
0

From this form of the equation two things are immediately clear. Firstly, the advantage
of spherical symmetry is to effectively reduce our problem to a 1-dimensional one. This is
what makes spherical symmetry so much easier to tackle analytically. Secondly, in general,
the energy levels will depend on ¢ as it appears in the effective potential. They will,
however, be independent of m. This is a consequence of spherical symmetry, our energy
levels only depend on the total angular momentum, not on any one component of it. We
therefore expect a degeneracy of 2¢ + 1 for each energy level.

The main difference from a truly 1-dimensional problem is the boundary at r = 0, so
let us focus on that parameter region. Assuming that V(r) does not diverge faster than
r~2 as r — 0 we have, approximately, for r ~ 0

d2u(r) N 0e+1)
dr? r2

u(r) ~ 0 (11.7)

which as two solutions

“1and  u(r) ocrt (11.8)

u(r) ocr

For ¢ > 1 we must discard the second solution as it will not be square-integrable.
However, for ¢ = 0 it appears that the second solution is perfectly fine. This is a bit too
quick, for although u(r) =const would be square-integrable it would not lead to a Hermitian

Hamiltonian.

The effective potential
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In order that the effective 1-dim Hamiltonian is Hermitian we must have
h? d2g(r) h20(0+1)
dr — 174 Ml S -
/ fir ( 2u dr? * < )+ 2pur? )g(r))

:/o dr( ;i deﬂ( 2y (V(T)+7w>f*(r)>g(r) (11.9)

for f(r) and g(r) two square integrable functions on r € (0,00). This cannot be true if

either of the functions does not vanish at » = 0.

Firstly, we can focus on the kinetic term (ignoring the overall —h?/2u factor)

/Ooodrf*(r)dzgr(;) _ [f*(r)jir _/Ooodrdf;(T)dg(r) _

= [f (r )ji dd{“*g(r)]o +/O dr (J;,Z( )g(r) (11.10)

The boundary condition would clearly be satisfied if both functions approach zero at the
origin. However, if one has a behaviour ~ r“, for some « > 0 and the other approaches a
non-zero constant, then the boundary condition would not be satisfied. The Hamiltonian
is only Hermitian if all allowed functions vanish at the origin.

Secondly we can look at the potential term. No integration by parts is necessary, but
the integral must converge. This is in fact not trivial, because

r2

o 1
/ dr - =00 (11.11)
0

Therefore, the functions f and g must be able to curb this divergence in the centrifugal
barrier. This can only happen if they vanish at » = 0 at least as fast as r.
All in all, we see that we should discard the u(r) o< 7~¢ solution and instead demand
that
u(r) =% ¢ ptt (11.12)

for some constant C77.

Interestingly, we see that our trick to derive the spherical harmonics as homogeneous
polynomials actually applies to all energy eigenfunctions near r = 0. That is, any eigen-
function of both the energy and angular momentum is a homogeneous polynomial of degree
¢ near the origin.

11.2 The spectrum of the Hydrogen atom

Now we apply our knowledge to a particular example which is both exactly solvable and
experimentally relevant, the Coulomb potential:

V(r) = ~drer (11.13)

where e is the charge of the proton, and ¢y is the vacuum permittivity.
The equation we wish to solve is

12 d2u(r) e R0+ 1)
S 2u dr? dmegr 212

>u(r) = Eu(r) (11.14)

""Incidentally, this also puts a limit on how singular V(1) can be at the origin. The worst case scenario
is if both f and g have £ = 0 so that they each approach r near the origin. In this case if V(r) ~ r® then
the exponent must obey a > —3 to ensure the integral converges.
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subject to the boundary condition

u(r) ccr™ as r—0 (11.15)

Before we attempt to solve this equation it is helpful to introduce new variables to get
rid of all of the annoying constants’

_ 2mE

k= 2 (11.16)
2
e
= — 11.1
2megh?k ( 7
p=Kr (11.18)
such that the equation looks like
d?u(p) £, e+
=(1-= 11.19
42 PR u(p) (11.19)

The same we did for the harmonic oscillator we begin by stripping off the asymptotic
behaviour. Looking at r — oo we see that the constant term in the brackets in the RHS
dominates, yielding

d*u(p)
1 ~ u(p) (11.20)
which has as solutions
u(p) = Ae™” + Be” (11.21)

The second of these is clearly not square integrable, so we throw it out.

Stripping the p — 0 and the p — oo asymptotics we define
u(p) = p" 1 F(p)e” (11.22)

Remember that exactly like with the harmonic oscillator, this definition is exact. The
approximations were merely used to motivate this expression.
Plugging this definition in we find

2 _
ddeg”) + 2<H1 - 1) dFdip) +4 Q(pH D p(p) =0 (11.23)

Following our harmonic oscillator footsteps we try a power series solution
e .
F(p) =) a;p’ (11.24)
j=0

and derive a recurrence relation for the coefficients a;
(+ 20+ 1) + Va1 = (20 + £ +1) = O, (11.25)

This relation determines all coefficients in terms of ag.

78In the definition of x we have anticipated that we looking for bound states with negative E.
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Looking at the large j limit we see that™

; 2
AL (11.26)
CLj J + 1
which is solved by ‘
97
but this means
F(p) ~ coe®” (11.28)
and therefore
u(p) ~ p*le? (11.29)

which is not normalisable.

We once again see that if we do not impose that the series terminates we end up
recovering the non-normalisable solution we had thrown out. The only resolution is if
there exists an integer N > 0 such that

AN +L+1)=¢y (11.30)

thereby giving quantisation in the energy:

hrNn pet 1 pet 1
Bo— _ __ R 11.31
N 2 8m22h? €2, 32m2e2h? (N +( +1)2 (11.31)

This appears to depend on both N and ¢ but this is an illusion, e.g. the N = 1, £ = 2 state
will have the same energy as the N = 2, £ = 1 state. It is therefore more conventional to
define the principal quantum number

n=N+(+1 (11.32)

In terms of this n the functions F(p) will be polynomials of order n—£—1, and the energies
given by
pet 1 Fy

En = _327T2€(2)h2 2 n? (1133)

where in the last equality we wrote them in terms of the ground state energy,

pe’

E=——r
! 32m2e2h?

~ —13.6 eV (11.34)

We have now fully recovered Bohr’s energy levels from first principles. We see that
quantisation of the angular momentum was important but that the quantum number re-
lated to that quantisation does not appear in the energy levels. The reason for this discrep-
ancy was the incorrect use of forces in Bohr’s derivation, thereby adding some Newtonian
arguments in an otherwise quantum system.

For each energy level E,, there are multiple allowed values of ¢, in particular because
N > 0 we conclude n > ¢ + 1 and therefore, for a given n, we have 0 < ¢ < n — 1.
Additionally, for each value for n and ¢ there are 2¢ + 1 allowed values for m. Therefore

"We keep the +1 in the denominator just for simplicity, it of course will not change the conclusions as
it is negligible for large j.
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the total number of states with energy F,, is given by

= n(n —1)
> (2e+1) :2T+n:n2 (11.35)
£=0

this is far larger than what would be expected from rotational symmetry alone. This is
because the Coulomb potential is very special, as we will see in the next section there is
an additional symmetry that is behind this large degeneracy.

Before we proceed we will write the energy spectrum in yet another way by introducing
the fine structure constant
2 1
e
a= R —
dmweghe 137

This dimensionless constant can be interpreted as the true measure of the strength of the

(11.36)

electromagnetic interaction, as it is dimensionless, only involving fundamental constants.
Using this constant we can write

a?uc? 1
E,=- — 11.
5 72 (11.37)
where we identify
puc? =~ mec? & 511 keV (11.38)

as the relativistic rest energy of the electron, which is much larger than F;. It is the
suppression by a? that connects the relativistic particle physics energies to the much smaller
energies of atomic physics.

We can also write down the wavefunctions exactly. First we note that the degree n—¢—1
polynomials F'(p) are known by mathematitians as the associated Laguerre Polynomials
denoted by

F(p) = Ly71(2) (11.39)

They are normalised such that
/ dze 2" LE(2)LF () = —"6,n (11.40)
0
and even have an exact formula

LF(z) = Zn:(—l)m (n+ k): m (11.41)

m=0
The first few are given by
Li(z) =1 (11.42)
Liz)= -z +k+1 (11.43)
Li(z) = %(m2 —2(k+2)x+ (k+1)(k+2)) (11.44)

Note that even though the energy levels are independent of ¢, the radial part of the
wavefunction surely isn’t. Let us focus on the ground state, it has n = 1 by definition, the
only allowed value for ¢ is therefore 0, which also implies m = 0. Therefore

F(p) =Li(20) =1 = u(p) = pe " = R(r) = Ce™"" (11.45)
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We can determine C' by imposing normalisation

| inmE = [T arjepre < jop s <1 (11.46)
0 0 4k

Defining the Bohr radius as

dmeoh® R
ap = FZO = — (11.47)
e2p pea
and remembering Y = 1/1/41 we can write
1 —r/a
Y(r.0,¢) = e /a0 (11.48)

vrad

This gives the interpretation for the Bohr radius, it sets the size of the ground state of
the Hydrogen atom. In SI units it is approximately

ap ~ 529 x 107" m (11.49)

INSERT PLOT

The other wavefunctions are harder to plot, we can however write the fully normalised
expression for any n, £, m.

Ignoring the spherical harmonics, the first few radial wavefunctions, denoted by R,¢(r)

are given by

1

Rio(r) = 573 e~/a0 (11.51)
2ay,
1 -3/2 r —r/2
= 1— — |e /20 11.52
Roo(r) \/?ao ( 2a0>e (11.52)
1 _
R (r) 5/2qr/2a0 (11.53)

YR

INSERT PLOTS

Visualising the full wavefunctions is a bit trickier. We can draw density plots where
the brightness is proportional to \w\Q, or draw the curves of constant density.

INSERT PLOTS

11.3 * The Runge-Lenz vector

In the previous section we obtain the spectrum of the Hydrogen atom by solving a dif-
ferential equation. However, at the end we found the degeneracy of the spectrum was far
higher than what we would have expected. This is because there is an additional conserved
quantity, the Runge-Lenz vector

e X i

= — PxL—-LxP 11.54
4W60\X\+2u( % x P) ( )

where we have defined | X| = vX - X.

* The Runge-Lenz vector
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This is a well known object in classical orbital mechanics. Classically it points from
the centre of the force to the periapsis, i.e. the point of closest approach in the orbit. It
can be used to show that the classical orbits in a Newtonian potential are closed curves.

More precisely, we have taken an average between P X L and —L X P (which are
classically the same) to ensure this operator is Hermitian

R =R (11.55)
First we need to show that this vector actually is conserved, i.e. that
[H,R]=0 (11.56)

For this we need to remember that [L, H] = 0, and to compute the commutator of P
and the Hamiltonian:

[H,P] = < 1 p (11.57)
9 1] — 471'60 |X|7 1 .

this is easy to compute in the position basis

|:|)1(,Pz’:|¢(l') _ _ih(i azgg(%) ai(l/’(f))) - _m@% = —ih%z/}(a:) (11.58)

r

therefore
h 62 Xz
47eg |X|

[H, P;] = (11.59)

We will also need

X; P; X; X | P;
H, =X :J[P-,’}JF{P,Z}J:
[ IXI} 2u 77X X 2

1 1 1 1 P;
di +X{P-,D+( ihd;; +X[P-,]>7
71X X ’IXI X)) 2p

(-

P; 1 P;
=L | —ihd;; + X;ih—L | + [ —ikd;; + X;ik -2 =

2u< 11X 1x[° ) ( JIXI x|? )

ih X; X 6 X; X 0
L Y e R R R e R & (11.60)
p J( X[ X) x> x|
We can also use the commutator [L;, P;] = ihe; ;5 P to write
62 Xz 1
BT (AR TR
62 Xz ]. .
= 471'60 ‘X‘ (Eljkp L — Eljk(Pij + lthkl.Pl)) =
e X; 1 ih
= P;L —P; 11.61
dreg \X\ €ka B m ( )

Now we are ready to show this vector is conserved:

ih

1
] + ewk[H Pj]Lk — E[I‘L Pi] =

R - { X,

X

ifleZ Pj 6ij Xin 5L] Xin Pj Xj . Xi
- = + - L 4 eip—Ls Ly, — ik =
47r60,u< 2 <|X| |X|3 | X |X|3 2 ]k|X‘3 * |X|3

4dmeg
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ihe (P [ 6, X, X, G XiX;\ P X o X

(3 (% )+ (3 TR )3 e om - )<
ihe? (P &5  XiX; di;  Xi X5\ P . X

— Tneon <2<|X| - |X|3> - <|X| - |X|3 )2_1h|X|3> —

:ihe2< P &y Xin]__h XZ->
dmegp

— i
X |*
_ ih€2 P XiXJ
8meo

271X | xP
Xi
i +ih 11.62
TP |X|3> e

The final commutator is not too hard to calculate in the position basis

[Pl Xin]w(m) 5 0 (wiwj)w(m):%h%wm) (11.63)

7 x PP TN

This finally gives us that
[H,R] =0 (11.64)

Usually we find conserved quantities by finding symmetries. In this case it is true that
there is some symmetry involved by it is not very intuitive. Suffice to say that it has some
relation to a 4-dimensional rotation. Interestingly, as we will see shortly, the commutators
of R involve the Hamiltonian. These kinds of symmetries are called dynamical symmetries
and they allow us to determine the energy levels in a purely algebraic way. Classically, we
could see that this symmetry is not related to a cyclic coordinate, i.e. a coordinate such
that the symmetry acts as a translation along that direction. All in all, these dynamical
symmetries are much less intuitive and much harder to spot but they are a powerful tool
to explain the energy levels and their degeneracy.

Firstly, we can calculate the commutator between the components of R. It is rather
lengthy but the manipulations are very similar to what we used above to prove that [H, R] =
0, so we will not repeat them here. The main tools are the commutators between X, P,
and L; the fact L commutes with any function of | X|; and the orthogonality relations
X-.-L=0and L-P =0. The end result is

2ih
(R, Ri] = _iﬁiijLk (11.65)

This commutator involves the angular momentum and the Hamiltonian, we say that
the algebra is not closed. We can see the Hamiltonian in the RHS, making this symmetry
dynamical. We can also compute the commutator between the Runge-Lenz vector and the
angular momentum

[Li, RJ] = iheiijk (1166)

which is the expected result for a vector made up from X and P.

Comparing these two relations we see that, even though the components of R do not
form a closed algebra, the set of {Ll-, R;/v—H } do form a closed algebra. Indeed we can
introduce

_1 f
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whose commutators yield

[Asi, Axj] = iheijrp As; (11.68)
[Agi, Ag;] =0 (11.69)

which are very familiar! They are the same commutation relations that the angular mo-
mentum obeys. This also allows us to see the symmetry behind the conservation of the
Runge-Lenz vector. Roughly each Ay has the same algebra as angular momentum so they
have something to do with 3-dimensional rotations; in fact two sets of 3-dimensional rota-
tions can be combined into a single rotation in 4-dimensions. This is all rather abstract
and conveys the weirdness of this symmetry.

Using exactly the same process as we did for the angular momentum we can form
eigenstates of these operators. In particular we know that A% has eigenvalues h2a, (ay+1)
for a+ an integer of half-integers. In fact, we can do better by writing

1 n
2 _ 1(r2_ 2
AL = 4(L 2HR ) (11.70)

where we have used the fact L - R = R- L = 0. This is the same for both combinations so
we actually have ay = a_ = a.

All we have left to do is compute R?. This is our last lengthy algebraic computation,
using all of the commutators we by now are very familiar with, the end result is

R et 2H

Sl Y 11.71
2 s (L? + 1?) (11.71)
Plugging this in we get
1 M 64 m 64 52
A2 — L2_77_ L2 hQ = 1172
Ty ( 2H 16m2€2 (L7 + 1) 8H 16m2¢2 4 (11.72)

Plugging in the eigenvalues we obtain

uwooet h?

Ra(@+1)=-—_°¢ %
aatl) = -3piema 1

(11.73)

which can be simplified to

pet 1

E=- 11.74
32m2e2h? (2a + 1)2 ( )

which agrees with our previous answer if n = 2a + 1.

We now have a full explanation for the degeneracy. Each operator Ais can take the
values —a, —a + 1,...,a, and because there are two of them we will have (2a + 1)? = n?
states with the same energy. This is exactly the result we had previously.

We didn’t have to solve any differential equation, but computing all of the commutators
wasn’t exactly trivial. Additionally, this method only works for the Coulomb potential and
the harmonic oscillator. Any other central potential will not have an equivalent of the
Runge-Lenz vector and its spectrum will depend on ¢. It is nice to know where the extra
degeneracy comes from but the methods of the previous section are more easily applicable
to more generic cases.

* The Runge-Lenz vector
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12 Spin

Our achievements in the last chapter are nothing short of a tremendous success. Deriving
the discrete spectrum of the Hydrogen atom was one of the earliest goals of quantum
mechanics. The fact we managed to explain it from first principles without any hiccoughs
is astonishing. Early attempts needed some ad-hoc quantisation of angular momentum,
only very crudely motivated with a naive application of the De Broglie relation between
wavelength and momentum.

There is however one flaw in our theory. From the algebra of angular momentum we
saw that we could have either integer or half-integer £. However, when written in terms of
spherical harmonics we see that half-integer ¢ do not lead to single-valued wavefunctions.
There is no algebraic way to derive this restriction. What is the meaning of these half-
integer angular momentum states?

In this chapter we will see that these half-integer states can be fully realised by intro-
duce the concept of spin angular momentum. We will examine the specific case of spin-1/2
which describes an electron. Finally we shall study how electrons behave under a magnetic
field thereby explaining the outcomes of the Stern-Gerlach experiment from first principles.

12.1 Rotations Vs Translations around a circle

The key idea that we were missing in the previous chapters is that, despite appearances, L
is not the generator of rotations. It is instead the generator of translations around a circle.
To explain the difference it is easier to look at pictures

INSERT PICTURES

For objects with some kind of internal structure it is clear that the two actions are
distinct. Let us first show that L generates these translations around a circle.

First recall that the generator of translations is given by the linear momentum; that is
for an infinitesimal translations da we have that

U(sa) =1 — %m . P+0(5a?) (12.1)

is such that
U(da)'XU(da) = X + da (12.2)

Then let us think about what it means to translate along a circle. We can first ap-
proximate the circle by a polygon with IV sides

INSERT PICTURE

In which case the translation around this polygon involves N displacements by vectors
ai,...,ay such that a; +---+ay =0, if we take N — oo this approaches the circle. Let
us now focus on a single of these displacements in the limit where N — oo so that they
are infinitesimal. We start at position & making an angle a along the circle and we end at
position @ + da making an angle o + da along the circle. If n is the unit normal to the
circle then it is clear that da = da n X .

INSERT PICTURE

The unitary operator that describes this translation is

U(da) =1 — %6a(n X X)-P+0(8a?) =1 — %m n-(X x P)+0(da?)  (12.3)

This shows that L = X X P indeed generates translations around a circle.

What is then the generator of true rotations? The analysis of rotational symmetry is
a fruitful and complex topic, here we shall focus on infinitesimal rotations for simplicity.
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In geometric terms, the action of rotating a vector v along the axis da by an angle |dc
can be written as
v v =v+daxuv+O0(6a?) (12.4)

INSERT PICTURE

We denote the generator of true rotations by J such that the unitary operator that
describes rotations is written as

U(da) =1 — %504 - J+0(50?) (12.5)

Any vector operator V' must then obey the following commutation relations with J:

Uba)! V U(da) =V +da x V +0(da?) (12.6)
plugging in (12.5) we obtain _
%[m T V] =8axV (12.7)
which implies
[Ji, VJ] = ihe; Vi (12.8)

which is very reminiscent of the commutation relations between L and the vectors made
from X and P.

Purely geometrically, the order in which we apply rotations matters.
INSERT PICTURE

We can therefore derive the commutation relations between the components of J by
looking at the difference between first rotating by da and then rotating by d3:

VosV4+daxV -oV+oaxV+I8XV+8X (daxV) (12.9)
and performing these rotations in the reverse order
VosV4BXV 3 VHIBXV4+daxV+dax(8xXV) (12.10)
The difference between the two is given by

UB) (U(ba)" V U(da))U(6B) — U(6c) (U(8B)" V U(6B))U (dcx) =
=08 X (daxV)—dax (6B XV)=(8 xda) XV =
=U(d8 x da)' V U8B x da) -V (12.11)

we therefore conclude that
[U(da),U(6B)] =U(6B X dar) — 1 (12.12)
plugging in the definition of J we get
i i
—ﬁ[éa-J,(SB-J]z—ﬁ(éﬁxéa)-J (12.13)

and therefore
[Ji, Jj] = iheijn i (12.14)

which are the same commutation relations we had for the components of L.

This operator J is the true generator of rotations. Its commutation relations are very
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similar to L but it is possible that the two are not the same. We call their difference spin
and define it as:
S=J-L (12.15)

so that we can say that the total angular momentum J is the sum of the orbital angular
momentum L and the spin angular momentum S in analogy with the classical case.

Using the fact L is a vector, we have [J;, L;| = ifie;j; Ly, and therefore the commutator
between the components of S are

[Si, 5] = [Ji — Liy Jj — L] = [y ] = [Jis Ly] = [Lay Ji] + [, Jj] =
= iﬁe,‘jk(,]k —Lp+ L+ L) = iheijr Sk (12.16)

which are the commutation relations we have come to expect from angular momentum
operators. It suggests that we can indeed interpret S as some form of angular momentum.
However, using the fact both [J;, Xj| = ihe;;p Xy and [L;, Xj| = ihe;;, X, we find

[Si, X;] =0 (12.17)

and similarly for the linear momentum P.

This tells us that this operator has nothing to do with the location or momentum of the
particle. It must describe some internal rotation. Nevertheless, the commutation relations
are exactly the same as L therefore the algebraic derivation of the eigenstates goes through
without changes. We can construct states |s, ms) such that

S?|s,ms) = hs(s + 1) |s,ms) (12.18)
S. |Sa ms> = hmg |57ms> (1219)
Sy |s,ms) = hy/s(s +1) — mg(ms £ 1) |s,ms £1) (12.20)

where S = S, 15, and the numbers s and m, are such that

3
,1,5,27... and mgy=-s,—s+1,...,s—1,s (12.21)

The question now if we can also discard the half-integer spin states or not. More
specifically, if we could attribute S to the motion of internal degrees of freedom, so that
it is merely a sum of the orbital angular momenta of internal constituents with positions s
X, and momenta P,; we would be able to write:

s< > Xox P, (12.22)

But then if this were indeed true, we would be able to write the states |s,m) in the
position basis where the X, act as multiplication by x,. In that case they would obey
an equation similar to (10.30) and therefore we would be forced to write them in terms of
single-valued spherical harmonics. We would therefore only be allowed to include integer
values for s.

This is not what we observe experimentally. There are several examples of particles
which can only be described using half-integer spin. The electron and the proton for
example are observed to have spin-1/2; A baryons are observed to have spin-3/2. This is
evidence that there must be some intrinsic spin angular momentum which goes beyond
the motion of individual constituents. The electron, for example, as far as we currently
understand it seems to be fundamental. The proton is in turn made of of quarks and gluons
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and its total spin would be a sum of the spins of quarks and gluons and the orbital angular
momentum due to their internal motion.

We see therefore that half-integer spin (and consequently half-integer total angular
momentum j) is allowed. In quantum mechanics even fundamental particles are allowed
to have spin angular momentum. Because we do not have a wavefunction representation
of these fundamental spin states there is no way we could demand single-valuedness and
no reason to exclude these half-integer spin states. An important addition to this is that
particles (fundamental or not) always have a specific and immutable spin. Electrons and
protons are always observed to have spin-1/2; they are never observed to have other values
of spin.

12.2 Spin-1/2

In this section we will examine in detail the states with spin-1/2. You might wonder why we
are going to such depth for this specific case. There are three main reasons: pedagogical,
experimental, and mathematical. Firstly, it is very simple, it is in fact the simplest non-
trivial example of a quantum system that is still experimentally relevant; in fact it was our
starting point and it is worth revisiting now that we have the knowledge to describe it more
rigorously. Secondly, it is very important for experiments. Many particles have spin-1/2
like the electron, the proton, and the neutron; it is crucial to understand this case in depth
if we wish to understand these particles. Finally there is a beautiful mathematical reason
which we won’t delve into, all other spin states can be built up from the spin-1/2 states.
In group theory language they furnish the fundamental representation. So, with enough
mathematics by studying spin-1/2 we are actually studying all spin.

The spin-1/2 eigentates, have s = 1/2 and ms = £1/2 in the notation of the previous
section. There are only two of them and for simplicity they are usually called “spin-up”,
[1), or “spin-down”, |]), depending on the sign of m:

1) = ‘; ;> (12.23)

)= ‘1 —1> (12.24)

Of course spin-1/2 particles can be in a superposition of these states, these states can
then be viewed as the orthonormal basis for the 2-dimensional Hilbert space of spin-1/2
states. We can represent a generic state in this Hilbert space by a 2-component column
vector x, called a spinor:

X = (Z) = ax+ +bx- (12.25)
where
X+ = <(1)> and x_ = (?) (12.26)
and
a=(flx) and b= {lx) (12.27)

The normalisation condition in terms of these spinors is

1=laf> +b* = (a* b*) (Z) =x'x (12.28)

Spin-1/2
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The spin operators will then be represented by 2 x 2 matrices, let us calculate their
matrix elements. Firstly, we have

Sa 1) = +§ ) (12.29)
Sl =210 (12.30)

therefore, the matrix representation of this operator will be

(@IS (IS (5 0 _Arf10
S, = <<¢|Sz DRCESR |¢>> - (0 _;a) = 2<0 _1> (12.31)

We can do the same procedure for the raising operator:

Syt =0 (12.32)
Sy ) = A (12.33)
which gives
(PS4 1) CFS+ 1) 01
Sy = =h 12.34
i <<¢| Sy 1) (U Sy |¢>> (0 0) (1234
And for the lowering operator
S_ 1) = hll) (12.35)
S_1§)=0 (12.36)
which gives
(PLS-11) (M1S- 1) 00
S_ = =h 12.37
<<¢| SN s ¢>> (1 o) 1230
We can combine these last two to find out the matrix elements of S, and Sy:
1 h{01
1 h{0 —i

We can combine all of these results into a single equation

S=3o (12.40)

where o are the Pauli matrices:

Oy = (0 1) oy = <O i) 0, = (1 0 ) (12.41)
10 i0 0 -1

They obey the following commutation and anti-commutation relations, as can be easily
checked explicitly

[Ui,Uj} = 2i€;;10% (12.42)

{O’i,O'j} = 25jk]]- (1243)

Spin-1/2
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We can also check very straightforwardly that,

SP=82+52+82= ih((l) ?) (12.44)
as we expected from spin-1/2 states.

In more realistic scenarios the spinors y would also have to include the values of other
quantum numbers, e.g. they could depend on the position. But they are already fit to
explore certain questions. For example, take a generic spinor x = axy + bx—, if we chose
to measure S,, by the Born rule, we would obtain the value /2 with probability |a|2 or
the value —%/2 with probability [b|*>. What would be the outcome if we chose to measure
S.7 We first need to find the eigenspinors of S,. The characteristic equation is

_ 2 _ 12 _4h

so the possible outcomes are the same as for S, which is to be expected.

The eigenspinors are obtained in the usual way

CIO-60-0-0)

therefore the normalised eigenspinors of S, are

X3 = % G) and % = % (_11> (12.47)

Therefore the probability of measuring spin +//2 in the z-direction is

2 la + b)?

5 (12.48)

IX%Tx

If for example we had prepared the state to have spin-up in the z-direction we would
have a 50/50 change of measuring each outcome in the z-direction. This is exactly the
behaviour we observed at the beginning with our Stern-Gerlach devices!

Now imagine we wished to measure spin in a direction n = (cos ¢, sin ¢, 0). Then we
need to diagonalise the operator

h —i¢
Szcos¢+5ysin¢2<?¢ eO ) (12.49)
e

It is not too hard to show that its eigenvectors are

| [eio) | (oo
¢ _ ¢ _
X+ =5 ( 0i9/2 ) and  x- = 75 (_ei¢/2 (12.50)
with eigenvalues +7/2 and —/i/2 respectively.

The probability of measuring spin-up in this direction if we had prepared the state in

% <ei¢/2 e—i¢/2> (é)

the spin-up in the z-direction is

2

(12.51)

1
2

2
’xﬁ*m’ =

Spin-1/2

129



SPIN Spins in a magnetic field: Stern-Gerlach explained 130

This is to be expected, we get 50/50 chance for any direction perpendicular to the one we
measured earlier. A more interesting case is if we had prepared the state to be spin-up in
the z-direction:

2
2 1/, : 1 , PPRNE. ¢
— |2 (i¢/2 o—id/2 — | (ei¢/2 i/2 ‘ —cos?( @

|2(e e )(1>| ‘(e +e ) cos <2) (12.52)

At ¢ = 0 we recover our earlier result that the spin was definitely +5/2 along the

‘x‘i*xﬁ

z-direction. For ¢ = /2, i.e. if we are measuring in the y-direction we get probability
1/2; and of course for ¢ = 7 we are measuring in fact whether it was spin-down in the
z-direction so the probability is 0. All of this we managed to glean experimentally. Now
we have a way to predict the outcome for generic angles. What was once complex and
nearly inscrutable is now almost trivial.

12.3 Spins in a magnetic field: Stern-Gerlach explained

In the previous sections we have repeatedly stated that several particles (fundamental or
not) are observed to have spin angular momentum. In the rest of this chapter we will
explore how these measurements can be made. We begin with the experiment that started
our journey: the Stern-Gerlach experiment. Now we can finally have a first-principles
understanding of it.

From the force (3.3) we can deduce a potential energy in the usual way given by:
V=—pn-B (12.53)

Classically, for an electron with spin angular momentum S we would expect that its
magnetic momentum is given by (3.2) with L — S and ¢ = —e. However, as mentioned
in Chapter 3 this turns out to be wrong in quantum mechanics. It is still true that the
magnetic moment is proportional to the spin, but it’s proportionality constant isn’t g/2m.
In general we therefore write

u=~S (12.54)

where 7 is called the gyromagnetic ratio.

For the electron in particular we have

€Je
= — 12.55
" 2Me ( )
where
ge = 2.002 319 304 360 92(36) (12.56)

is sometimes known as the g-factor. We have written that many significant figures to
highlight the precision of our knowledge. Dirac’s relativistic equation for the electron is
able to predict that g. = 2 the decimal figures come from quantum field theory corrections.
This number is the best agreement between theory and experiment in all of science. Other
particles will have different g-factors, the proton for example has g, ~ 5.6.

Using the Pauli matrices, we may sometimes write the magnetic moment of the electron

as
n= —%MBO' (12.57)
where L
fp = — ~ 9274 10724 J T~ ~ 5788 x 1077 oV T (12.58)
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is the Bohr magneton. Because g, =~ 2, we can write
W~ —upo (12.59)

making apparent that up sets the scale for the magnetic moment of the electron.

We wish to study the effect of the coupling between the spin and the magnetic field.
To avoid extraneous effects due to the coupling between the orbital angular momentum
and the magnetic field it is usually best to consider neutral particles. Stern and Gerlach
for instance used silver atoms which have spin-1/2. All in all we wish the examine the
following Hamiltonian ,

- ;im _.S-B (12.60)

Note that the magnetic field is external, it is not an observable represented by a Hermitian
operator. Think of it as the potential V', if it is constant then it is a number, but it might
depend on the position X making it an operator.

For our purposes it will be easier to work in the Heisenberg picture. First let us examine
the time dependence of the spin vector:

ds

ih-g =[S, H] (12.61)

using (12.16) and the fact [S;, P;] = 0 we find

as;
i
ST

= —B;[Si, Sj] = —yBjihe;j1.Sk, (12.62)

writing in vector notation once more we find

% =vS X B (12.63)
which is exactly what we would have expected classically from the torque given by (3.1).
This is not too surprising, after all, Heisenberg’s equation is always closer to classical
mechanics.
Let us consider the case when the magnetic field is constant and, wlog, assume that it
is pointing along the z-direction. We therefore have

ds,

= B, 12.64
dt ’YSy ( 6 )
ds,
— = — B 12.
g ~vS, B, (12.65)
ds,

= 12.
T 0 (12.66)

which is solved by

S(t) = | Sy(0) cos(yB.t) — S5 (0) sin(yB.t) (12.67)

We see that the spin precesses around the magnetic field®°
INSERT PICTURE

80If you are finding it hard to interpret this Heisenberg picture result just take the expectation value
which will then agree with the Schrodinger picture. We can then port our conclusions over to say that the
expectation value of the spin operator (S) precesses around the magnetic field vector B.
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This is called Larmor precession and the frequency of this oscillation is the Larmor
frequency
wr, = v|B| (12.68)

Now we wish to consider how the position of the particles evolves over time. If B
is a constant then X and P commute with the potential (12.53) and the position and
momentum evolve just as with free particles. This is exactly what we observed classically,
only a spatially varying magnetic field could produce an overall force. It is not too hard to
show that the Heisenberg equation and the canonical commutation relations imply

=4V(S - B) (12.69)

which is what we expected from analogy with classical physics.

In order to measure the spin in the z-direction we ideally would like the magnetic field
to roughly be B ~ aze, but this would not obey the electromagnetic law V - B = 0. In
order to have the z-component to be what we want we need to add a similar component in
another direction which would ruin our measurement. What we can do is instead consider
the following magnetic field:

B = —ae; + (By+ az)e, (12.70)

Then if By is sufficiently strong then the spin vector will precess very rapidly around the
z-axis. The spin in the z-direction would then average to zero and therefore, in the timescale
needed for the position to change appreciably, the resulting force in the z-direction would
be zero. The same would not happen for the z-direction. We can therefore approximately
write £X

mgz ~ ~vS.ae, (12.71)

Additionally, given the components S, and S, average to zero in the timescales we

are interested in we can restrict our attention to eigenstates of S2 and S,. Taking the

expectation value in the states |s, ms) we then find

d*(X)
de?

~ ayhmge, (12.72)

We see that if we send particles of spin-s through a region with magnetic field (12.70)
they will be deflected according to their value of mg, the eigenvalue of S,. They will split
into 2s 4+ 1 distinct beams, demonstrating the discreteness of the spectrum of the spin
operator.

12.4 Hydrogen atoms in a magnetic field: the Paschen-Back effect

You might be slightly disappointed by our the previous section. It seems that in practice
we can only measure the spin of neutral particles, like atoms, and not electrons. This is,
fortunately, not the case. There are indirect ways of measuring the spin of the electron one
of these is by studying the change in the energy levels of a Hydrogen atom when subjected
to a constant external magnetic field.

In particular we will subject the Hydrogen atoms to a constant and strong magnetic
field. The reason for choosing a strong magnetic field is to ensure it dominates over the
relativistic corrections to the spectrum of Hydrogen®'. If the magnetic field was too weak

81 These are the origin of the famed fine structure of Hydrogen, called that because it is suppressed by a
power of o relative to the results in the previous chapter
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then we would have to include these relativistic effects before considering the effects of the
magnetic field itself. In practice it means we shall only consider fields of order |B| = 5 T.
We shall also neglect effects quadratic in the magnetic field ~ B2, sometimes called the
diamagnetic terms, which restrict us to fields |B| < 10 T.

All in all, the Hamiltonian we wish to consider is the following

_pP? 1 €2 L€
C 2u 4meg | X| 0 2me

B (L+g.S) (12.73)

where we have also added the orbital contribution to the magnetic moment, whose gyro-
magnetic ratio equals the classical value.

It is incredibly easy to find the eigenstates of this Hamiltonian. Because both J
and S commute with the first two terms we can simultaneously diagonalise the Coulomb
Hamiltonian and the additional magnetic term. In fact, we can, without loss of generality,
define the z-direction such that B = Be, and therefore the states |n, ¢, mg, s, ms) we found
earlier are also eigenstates of the magnetic term leading to

Eiot = En + upB(my + gems) (12.74)

where E,, is given by (11.37).
The application of B has lifted the degeneracy for different values of m, and mg. This

t82. We can

shift in the energies for strong magnetic fields is called the Paschen-Back effec
now use this splitting to determine the spin of the electron directly. For example, looking
at ground state with £ = 0 we see that it is split into 2s + 1 levels according to the value
of mg, the fact we observe it splitting into two levels demonstrates that the electron has
spin-1/2. Further we can examine the details of this splitting to measure the value of ge.

INSERT PICTURE

Note that we have not fully lifted the degeneracy present earlier. For example, a state
me = 1 and m, = —1/2 has the same energy as a state with my, = 0 and ms = 1/2 (and

the same value of n and ).
INSERT PICTURE

13 * Spontaneous emission of radiation

In the last few chapters we have worked hard to, among other things, obtain the energy
levels for the hydrogen atom, both isolated and subjected to a strong magnetic field. How-
ever, we have not described how we could experimentally verify these results. At most we
could have appealed to the early quantum ideas that the system could go from an excited
state to a state with lower energy by emitting a photon of the corresponding energy, and
doing the opposite transition by absorbing a photon. In this chapter we will describe these
processes, finally providing a first principles derivation of atomic spectra.

We shall begin by considering electromagnetic interactions in greater generality, high-
lighting the role of the potentials and gauge symmetry via the Aharonov-Bohm effect.
Then we will use the rotating wave approximation to describe the absorption of radiation.
Finally, we will employ a trick, originally due to Einstein, to use the rate of absorption and
some simple thermodynamics to obtain the rate of spontaneous and stimulated emission
of radiation.

82In many textbooks it is instead known as the Zeeman effect. Historically however, Pieter Zeeman
measured the effect of weak magnetic fields which is quite different (and much more involved) than what
we have described here. It was Friedrich Paschen and Ernst Back that first examined the strong field
regime.
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13.1 Electromagnetic interactions and the Aharonov-Bohm effect

Classically, a particle with charge g subjected to an electric field E and a magnetic field B
will experience the Lorentz force

F=q(E+vx B) (13.1)

where v is the particle’s velocity.

Alternatively, we can re-derive the equations of motion implied by the Lorentz force
using the following Hamiltonian:

1 2
H=—(p—qA 13.2
2m(p qA)” +qp (13.2)

where ¢ and A are the electromagnetic potentials from which we can obtain the electric
and magnetic fields via
0A
E=-Vo— — 13.3
-y (13.3)
B=VXxA (13.4)

It is therefore straightforward to suggest that a quantum particle with charge ¢ when

subjected to external electromagnetic fields will be described by the Hamiltonian®?
H—L(P AP+ (13.5)
=~ 9m q qp .
or in position basis
1
H = o —(~ihV — qA(t, ) + qp(t, ) (13.6)

This is the Hamiltonian we will study in the coming chapters, but, before we proceed, we
need to remark on a curious aspect of the quantum mechanical electromagnetic interaction.
Classically we introduced the electromagnetic potentials ¢ and A purely for mathematical
convenience. They obey simpler equations than the electric and magnetic fields and allow
for a simple expression for the Hamiltonian. The force a particle experiences and any
physically measurable quantities can be written purely in terms of the electric and magnetic
fields E and B. In fact, the electromagnetic potentials are not uniquely determined, we
can define new potentials ¢’ and A’ given by

oA

[ —_—
p=e- 5 (13.7)
A'=A+VA (13.8)

with A an arbitrary function of space and time. These new potentials yield exactly the
same electric and magnetic fields as the old ones. This fact is known as gauge invariance
and demonstrates that there is a redundancy in our definitions of the electromagnetic
potentials.

This gauge invariance is also manifested in the quantum mechanical theory if, together
with the transformation of the potentials, we also transform the wavefunction as

V' (t, @) = 9N Py (t, a) (13.9)

83We could have also allowed for a coupling between the intrinsically quantum mechanical spin and the
magnetic field by adding a term equal to —v.S - B.
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Since this is only a phase factor it seems as if the two wavefunctions define the same
physical state. This is however a bit too quick because, even though we cannot measure
overall phases we can still measure relative phases. In fact, Yakir Aharonov and David
Bohm managed to show that we can measure these relative phases even in regions where
both E and B vanish!

Let us then consider the case when B = 0 and E = 0. We can use our gauge freedom
to therefore set ¢ =0 and V - A = 0. The Schrodinger equation then looks like

op 1

. . 2

We can simplify this problem by writing

Y = ey (13.11)
where N
g(x) = %/F da’ - A(x') (13.12)

and F' is some arbitrary reference point. Because V X A = 0 as long as we are considering
a simply connected region g will indeed only be a function of & and will not depend on
path taken from F to .
We therefore write
Vip = eIV +e¥(iVg)y' (13.13)

using the fact Vg = { A we get
(—ihV — qA)) = —ihe'I V1) (13.14)
and therefore
(—1hV — qA)*p = —1%e IV 2y (13.15)
plugging this into (13.10) we find

/ 2
W _ 7£v2¢’ (13.16)

ih
! ot 2m

So that 1" behaves like a free particle! With this result we have a very simple prescrip-
tion for solving the Schrodinger equation in a region where E = B = 0, just solve the free
particle problem and then tack on the phase e'9.

Now consider the following setup: we have a very long solenoid of radius a carrying a
steady electric current I

INSERT PICTURE

We want the solenoid to be long enough such that the magnetic field inside the solenoid
is uniform and the field outside is zero. Nevertheless, the gauge potential outside this
solenoid is not zero. In fact, in the Coulomb gauge V - A = 0, we have

A= %e (13.17)
where & = 1a?B is the magnetic flux through the solenoid and r is the cylindrical distance
from the centre of the solenoid. This vector potential obeys V X A = 0 as desired.

What Yakir Aharonov and David Bohm imagined was sending two electron beams,
each passing through opposite sides of the solenoid.

INSERT PICTURE
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The beams would be kept well away from the solenoid so that they would only expe-
rience B = 0. However, they would still experience non-zero A and they would pick up
phases equal to

_a _ 2 e, ) =22
g= h/daz A= 5T /(re¢d¢) <Te¢) —:|:2h (13.18)

Where we put P in the incoming beam, use cylindrical coordinates, and then ¢ runs from
0 to 7 for one of the beams, and from 0 to —x for the other.

You may be concerned that the solenoid breaks the simple connectedness needed for
the definition of g. However, each beam only goes through half of the space, and each half

is simple connected, therefore g is well defined for each beam®*.

INSERT PICTURE

The phase each beam has is not measurable, but their relative phase is! We predict that
the beams would have a relative phase of ¢®/h, we can then use interference to measure this
relative phase. It was quite challenging to really ensure the electrons were going through a
region with vanishing fields but this was finally done using superconducting rings in 1986
(CITE).

We see that our classical expectations were mistaken, we can measure the effects of
electromagnetic interactions even in regions where £ = B = (. Note however that we
cannot measure A directly, only the flux was measurable, thereby maintaining the gauge
invariance of our theory. Nevertheless we see that a theory which focuses solely on the
electric and magnetic fields is doomed, we must include the potentials (and their gauge
redundancy) if we want to describe nature.

13.2 Absorption of monochromatic radiation

Our goal is to calculate the probability of an atom absorbing incoming radiation. This
at first hand seems prohibitively complicated because incoming radiation will necessarily
be time-dependent. Our Hamiltonian will therefore have an explicit time dependence so
we cannot use the TISE to simplify our calculations. Nevertheless there are a couple
of simplifying assumptions that will make our problem tractable. The first of these is to
assume the incoming radiation is monochromatic, therefore, the electric and magnetic fields
will be given by (the real part of)

. 1/ .
E = Epel®®=t) and B = 7(1@ X Eo)e‘(’“'w—wﬂ (13.19)
C

where w = c|k|. Right away this will mean the time-dependence of the Hamiltonian will
be harmonic which is simpler.

The second assumption is an educated guess. We shall assume that the frequency is
close to the difference between two levels, that is

hw ~ E, — E,, (13.20)

The will see later the crucial role this approximation will have in dealing with the explicit
time-dependence.

To simplify further we note that the wavelength will be much larger than the typical

841f you are still concerned you can check the original paper where they provide a full analytic solution
to they Schrodinger equation without resorting to this trick and the results match.
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length scales of hydrogen atom, set by the Bohr radius ao®®

A 2rc  2mmec?a 4w nPm?

Lt _Smhecd T DT 13.21
ap  wap hw o n? —m? ( )

where we have used the expressions (11.47) for the Bohr radius and (11.37) for the energy

2
levels. Now we note that for n > m and n,m > 1 we have % > 1 which gives us

A4
A>T 17221 (13.22)
an [0

We conclude that, when the frequency is close to the difference between two energy
levels, the wavelength is much larger than the typical lengths scales of the atom. It is there-
fore a decent approximation to neglect the spatial dependence of the incoming radiation,

and assume it is constant in space.

For a constant magnetic field we can look to the Paschen-Back effect for an estimate
of the contribution to the energy

eh\ BO | 6h| EO |
2me, 2mec

ABmag ~ 115 Bo| = (13.23)

We can also do the same for the electric field. The potential for a constant electric
field is just
p=FE-X (13.24)

therefore the contribution to the energy due to the electric field is roughly

e|Ey|h
Alcelectric ~ 6a0|E0| = i (1325)
meco
Hence we conclude
A-Emag ~ aAEelectric (1326)

which means the contribution of the magnetic field is suppressed by a factor of « relative
to the contribution of the electric field. We will therefore approximate and neglect the
magnetic field entirely.

All in all, the Hamiltonian we wish to consider is
H(t)=Ho+ AH(t) (13.27)
where Hj is the Coulomb Hamiltonian and

AH(t) = eEy - X cos(wt) (13.28)

We are looking for the probability for the electron in a state with energy FE,, to absorb
a photon and end in state E,. Of course, for the Hydrogen atom there is a large degeneracy,
there are a lot of states with either energy unless m = 1 in which case the original state is
the ground state. However, this angular variables will not matter too much so we’ll omit
the angular labels for simplicity, and just say |1, ) is one of the states with energy E,,.

We will now employ a trick which is very common for time-dependent problems, we
strip out the time-dependence of a part of the Hamiltonian which is easy to solve, in our

85Recall (11.50) which tells us that the wavefunctions of the hydrogen atom all decay as exp(—r/nao).
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case Hy. We will therefore use the ansatz
@(8)) = e (t)e™ 75 by} + cp(t)e™ 750t Jahy,) (13.29)

plugging this into the time-dependent Schrodinger equation

o1 (t))
ot

= H(t) |¥(t)) (13.30)

we find

i (£)e ™ FEmt (4} + iRy, (t)e ™ 7 Ent

) = AH(1) |2(2)) (13.31)

Acting with (¢,,| and (,,| in turn we get two coupled equations

i1 (1) =Con (1) (V| AH(E) [thn) + cn(t)e™@rmt (| AH(t) 1)) (13.32)
e (1) =Cp ()& (| AH (1) ) + cn(t) (bn| AH () |10y (13.33)

where we have defined the natural frequency of the transition

E, - E,
h

Wnm =

(13.34)

In order to solve the equations we need the matrix elements of AH (t). First we note
that the diagonal matrix element vanishes. This is because the Hy is parity-invariant,
therefore the |),,) are eigenstates of parity, but X is parity-odd. In more detail,

Plvn) = (=1)" [n) = (¥n] X [ha) = (=1)* (¥n| PXP [¢n) = — (Y| X [¢0n) (13.35)

which means

<"/}n| AH(t) |wn> = eCOS(Wt)EO : <"/}n| X |"/}n> =0 (13'36)

A similar argument will tell us that the off-diagonal element will also vanish if both
|tn) and |,,) have the same parity. If they have opposite parity we will, for convenience,
define the Rabi frequency

= 5 Bo - (] X |tn) (13.37)

which is real because X is Hermitian which implies (¢,,,| X |¢n) = (| X |¢p,). In par-
ticular this frequency is proportional to the magnitude of the electric field.

All in all, the equations we have to solve are

i (1) =ca(t)e ™ 2 cos(wt) = ea(t) o (eW*w"m)t + eﬂ(wﬂdm)t) (13.38)
s iwpmt 2 i(wtwnm)t —i(w—wpm)t
ién(t) =cm(t)e“m 2 cos(wt) = cm(t)§ (e nmlt e nm ) (13.39)

which is still a bit too hard to solve analytically. However, we can use the approximation
that the external frequency w is close to the difference between two energy levels wy., in
particular this means

|w — wWhm| € W+ Wi (13.40)

Therefore the terms with the exponential with w 4+ w,,,, oscillate much faster than the ones
with w— wpm. If we look at the longer timescales ~ |w — wnm|71 we can simply neglect the
terms with w + wy,, as they will average out to zero. This is known as the rotating wave
approximation and is what allowed Isidor Isaac Rabi to find the solution to this problem
without resorting to perturbation theory,

138
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In this approximation we finally have a set of equations we can solve

iC () = cn(t)gei‘” (13.41)
0 .
i¢, (1) = cm(t)ge—l‘” (13.42)
where
0 =w— wnm (13.43)

tells us how far we are from the natural frequency.
It is fairly straightforward to solve these equations, we just need boundary conditions.
We want the probability for absorption so we set

¢m (0)
cn(0)

1 (13.44)
(13.45)

which give us the solutions
; V22 4 62 id V(22 462
em(t) = €92 | cos RILAPA - sin 0% (13.46)
V22 + 62 2
? . V82?2 402 ;
5in
NizEwE 2

en(t) = —ie104/2

(13.47)

The probability of the system being in the excited state, i.e. the probability of absorp-
tion is

Paps(t) = len(t) ‘2

22 i V22 + 52t
= in
22 4 42 2
2 2
= |C’I’L(t)‘ = m(l _COS( 92 +52t>) (13.48)
Under this perturbation the system will oscillate between the two states with frequency
V22 + 62, the higher the difference from the natural frequency the faster the oscillations.

These are the Rabi oscillations or Rabi flopping. For § = 0 the probability of absorption is
highest and we obtain

Pops(t) = sin® (gt> (13.49)

This fact explains the absorption spectra, although it is true that the system will oscillate
between the two states and we don’t have perfect absorption we still see that the probability
of absorption is higher if 4 = 0, which is sufficient to cause the dark lines in the spectrum.
If we do want to ensure absorption we can send radiation for a time At = 7/{2, which is
known as a mw-pulse. If § # 0 then we can never quite attain this certainty.

In the next section we will also need the expression for when the incident electric field
is very weak so that 2 < § < 1 we get

22 (0
Pops(t) = 7 sin <2t> (13.50)

In this limit we can use the following expression for the Dirac-d

2(x
esi(2)
oz) = lgr(l); z?

(13.51)
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to write

Pabts(t) — g 0% §(w — wnm) (13.52)

This is a special case of Fermi’s golden rule which applies more generally in the first order

time-dependent perturbation theory for harmonic perturbations. It makes the need for
W = Wym much clearer but only applies for very weak electric fields and at late times. The
expression (13.49) is better for studying the resonance itself.

13.3 Emission and absorption rates in a thermal bath of photons

In the previous section we were able to study absorption of monochromatic radiation in
great detail, we didn’t have to assume the electric field was weak but we did have to assume
the drive frequency was close to the natural frequency. This is sufficient for explaining the
absorption spectrum but is not sufficient to explain the emission spectrum. A full deriva-
tion of spontaneous emission would need a theory of photons which is rather complicated
because the number of photons isn’t conserved, which is the whole point, we want to study
the spontaneous creation of a photon. There is however a trick due to Einstein. Instead of
considering emission of a single photon we subject the atom to a thermal bath of photons.
Then we can use some simple thermodynamics and detailed balance to set the rate of
emission in terms of the rate of absorption. To obtain this result we need three ingredients:

1. The absorption rate of an ensemble of photons
2. The energy density of these photons in the Gibbs ensemble

3. The detailed balance equation

Absorption in an ensemble of photons In an ensemble of photons we will have many
frequencies at play which precludes the simple application of the results from the previous
section. We can however make statements about the ensemble averages. We shall denote
ensemble averages by an overline to distinguish from the quantum mechanical expectation
values. In particular, we will need the average of the product of the electric field at two
points in time, i.e. the 2-point correlator:

E()E, (1) (13.53)

Assuming we are in thermal equilibrium these averages must be time-translation invariant.
Therefore this correlator can only depend on t; — tp. Similarly, assuming there is no
preferred direction, i.e. that the system is rotationally invariant, it must be proportional
to d;;. Taking a Fourier transform we must have®°
—_— > dw (s —t
Ei(t1)E;(t2) = 6ij — F(w)e wltit2) (13.54)
oo 2m
Given the LHS is real and symmetric under the exchange of ¢; and ¢ with t; and j we must

have
F(w) = F(—w) = F(w)* (13.55)

We can also write this correlator in terms of the energy density in the radiation field.
First recall that the energy density in the electromagnetic fields is

1 B2
= | eE?+— 13.56
p 5 (60 + m ) ( )

86We are using a different sign in the exponential than usual for momentary convenience. Because
F(w) = F(—w) this has no material effect.
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In radiation we have E? = B?/c?, and also 1/p = c?¢g so that
1 E?
P=5 <€0E2 + 026062> = e E? (13.57)
therefore, the ensemble average of this energy density is

— < d > d
p = cB@ = 36 / 9 b ) = 360 / ) (13.58)
oo 2T o T

We can therefore relate the energy density between angular frequencies w and w + dw,
p(w) dw, to the Fourier transform of the 2-point correlator

plw)dw = %GoF(W) dw (13.59)

which allows us to write the correlator in terms of this energy density

SR PP it
BB = g [ dupllule 0 (13.60)

— 00

The perturbation Hamiltonian is still given by
AH(t)=eE(t)- X (13.61)

so equation (13.36) will still hold and we still will not have any diagonal terms. We can
therefore, still write

i () =Cn ()™ (| AH (L) [1h) (13.62)
B (£) =cm (£)e (| AH(£) [1hm) (13.63)

Without the assumption of monochromatic waves we cannot solve these equations exactly.
We can however assume the electric field is very weak and solve them perturbatively to
obtain

i

7em (0 )/ At (| AH(t) [thyn) ! + O(E?) (13.64)

cn(t) & cn(0) —
and similarly for ¢, (t).

Therefore, the probability of absorption will, approximately, be

1

Pan(t) = len(®) =

/ dtl/ dtg erm(1=t) (4 | AH (t1) [thm) (n] AH (t2) [thm) " =
2 .
= % <1/)n| Xz |'I/Jm> <’l/)m‘ Xj |wn>A dtlA dt2 elw"m(tl_tz)Ei(tl)Ej (tQ) (1365)

And now we take the ensemble average

2 ¢ ¢
Pops(t) = % (n| Xi [vm) (Y| X; an>/ dtl/ dty eiw"m(tlitg)Ei(tl)Ej(tQ) =
0 0

2 . )
= 667h2|<wn|XWJm>|2/ dtl/ dtQinnm(tl_tz)/dwp(‘wDe_iw(tl_tz) _
t 2
— = & h2|<wn|XW}m | /dwp |w| ‘/ dt; el(wnm—w)tl
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e )
(Wam —w)?

We can now use (13.51) to obtain the average rate of absorption at late times

|<¢nIX\¢m ? /dwp |w]) (13.66)

3h2

Paps(t) 1500 €2
bt (t) t—> 3 h2 |<wn| X |'¢7n | /dw 7Tp |(4J|) (wnm - W) -
2
37r 2| (Yn] X [¢m) | p(wnim) (13.67)

For the case of monochromatic radiation with just an electric field we have

1
p(wmn) = §EOE§6(W - wmn) (1368)
plugging this in we recover (13.52).

Calculating the energy density We have written our results as a function of the energy
density p(w), if we are to proceed we will need to know this function. Let us assume our
radiation bath is in a box of sides L with periodic boundary conditions. In this case, the
allowed wavenumbers are o

k="7n (13.69)

where n is a vector whose components are arbitrary (possibly distinct) integers. The
angular frequency can then be written in terms of this n:

2
w= %c|n| (13.70)

The total number of modes is given by
Niot = Y 2 (13.71)

where the factor of 2 comes from the two distinct polarisations of light, e.g. left and right
circular polarisation. If the box is sufficiently large we can approximate this sum as an
integral and write the total number of modes as

d3k 8rL3 [ L3 [
~ 3 pry 3 —_— = — 2 prg 2
Niot = /d n2=1L /(277)32 (%)3/0 dk k 7T%:,)/O dww (13.72)

therefore the number of modes with frequency between w and w + dw is

3

L7
N(w)dw = =Y dw (13.73)

The energy density in the radiation with frequencies between w and w + dw is therefore

_ W w2
o) deo = B DY _ )

g d (13.74)

All we need to calculate is the ensemble average of the energy, E(T"), but this is easy
enough.

Each independent polarisation of light obeys a separate homogeneous wave equation

0’EL
ot?

—*V?EL =0 (13.75)
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which, Fourier space will look like

O’Ey 27,2 1
ETD +c*k“EL =0 (13.76)
For each value of w = |k|c the wave equation is exactly the same as the equation of

motion for a harmonic oscillator. As we derived in Chapter 9 the energy of a quantum
harmonic oscillator (ignoring the zero-point energy) is E, = nhw. Additionally, in the
Gibbs ensemble the probability that a system in the ensemble has energy E is proportional

to exp(—,@%). All in all, this means the average energy is given by

[eS)
_ nhw

E e *sTnhw

n=0

— hw
E(T)="—% = — (13.77)
e Fut etrt —1
n=0
Plugging this into (13.74) gives us
hiw? 1
plo) = 2ot (13.78)

2,3 e
WCekBT_l

This is the Planck distribution, it was the first ever correct prediction of quantum mechan-
ics.

Detailed balance In thermal equilibrium, the number of electrons making the transition
from n — m from higher to lower energy must be exactly the same as the number of
electrons making the transition m — n from lower to higher energy. Let A" be the rate
at which electrons will spontaneously decay from the state n to m by emitting a photon
of energy hwnm; let B p(wnm) be the rate of absorbing a photon and transitioning from
m to n, we have included a factor of the energy density of photons because this rate will
have to be proportional to how many photons are available to be absorbed; further let
us consider the possibility that the presence of photons might stimulate the emission of a
related photon with rate B]”p(wp,) also proportional to the energy density of photons.
These quantities are known as Finstein coefficients.

In thermal equilibrium all of these rates must match:
No (A7 + B p(wnm)) = N By, p(wWnim) (13.79)

where N, is the number of atoms in state n, and similarly for N,,. Additionally, in the
Gibbs ensemble, we have

N,
== exp(hwnm> (13.80)

where for this equation to be valid it is important that N,, is the number of atoms in the
state n rather than the number of atoms with energy E,, to avoid issues with degeneracies.

Putting everything together we find

Np, hws,, 1 heng
A:Ln = (MLB:;L - B;T) p(wnm) = Wm(e kpT B;L,L — B;n) (13.81)
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In order for this to be true for all temperatures T' we must have

th
By =By and AV =Bl (13.82)

Just by knowing the rate of absorption of photons we can calculate the rate for both
stimulated and spontaneous emission. In particular note how we could not have equilibrium
if we did not account for both stimulated and spontaneous emission of radiation.

From (13.67) we can find the coefficient B :

2
n _ e
m 36()h2

| (Wl X [tm)]? (13.83)

and therefore we obtain the rate of spontaneous emission of radiation as

e2w?

A7 = S | Wal X [om) (13.84)

This is a remarkable result because we managed to use thermodynamics to push the
bounds of what we could calculate with our formalism. The result we derived above agrees
precisely with the first principles calculation from the full quantum electrodynamics theory
of photons. In that calculation we would be able to conclude that spontaneous emission
is actually stimulated emission but due to the vacuum fluctuations, a level of detail we do
not have access. Nevertheless we were able to fully explain the emission and absorption
spectra which started our quantum journey.



Measurements and Interpretations

Our story so far has been one of astonishing success. After all our hard work were finally
able to explain all of the initial puzzles with quantum mechanics: the black-body spectrum,
the nature of spin, the stability of hydrogen atom and its emission and absorption spectra.
Not to mention the countless other successful predictions that we have not yet delved into.
It is not an exaggeration to say that quantum mechanics is one of (if the not the) most
successful scientific theories of all time.

Despite all of these successes, there are many people who are uncomfortable with
quantum mechanics. Famously, despite his importance in the early days of quantum theory,
Albert Einstein himself stated that “God does not play dice with the Universe”. Even Niels
Bohr, who strongly argued with Einstein, advocating in favour of the quantum mechanical
world-view, still attributed a fundamental role to classical systems in his famed Copenhagen
interpretation of quantum mechanics. It is often said that quantum mechanics needs to be
“interpreted”.

These ideas seem, at least to me, downright absurd. Quantum mechanics doesn’t need
to be interpreted any more than any other scientific theory. It doesn’t make sense to bring
classical physics into the foundations of quantum mechanics. Quantum mechanics should
be fundamental, classicality should be some limit to be derived from the more fundamental
theory. It would be like asking to explain general relativity using Newtonian concepts,
clearly a ridiculous proposition. If anyone is uncomfortable with the probabilistic nature
of quantum physics then that is a “them” problem, not an issue with quantum mechanics.
For this reason, we have so far taken the “shut up and calculate” approach, don’t worry
about the philosopher’s qualms with probability, just compute what the experimentalist
should see and compare with what they do see. If it works good, job well done.

This is, however, a bit too quick. There is an issue with the way quantum mechan-
ics is usually formulated. The core of the problem is our description of the process of
measurement. We say that if we prepared the system in state

) = cnln) (13.85)

where say |n) are energy eigenstates, H |[n) = E,, |n). Then we would say that the proba-
bility of measuring the energy and obtaining the result F, is given by the Born rule

P(p = n) = [ca]? (13.86)

Crucially, subsequent measurements of the energy would also yield F, as an answer. It is
no longer probabilistic. We say that after the measurement the state collapsed

) = In) (13.87)

But a measurement is just a, possibly quite complicated, action on a state. And we know
how states evolve with time—they obey the Schrodinger equation

NN
i 1) = Hw) (13.88)

145

Chapter 14. The failure of hidden
variables

Chapter 15. The dynamics of
measurements



THE FAILURE OF HIDDEN VARIABLES

but there is no Hamiltonian capable to describing (13.87)! The collapse implied by the
consistency of repeated measurements is not unitary.

This seems bad but doesn’t quite examine the full extent of the problem. Maybe the
collapse is just some effective description, useful in practice but in theory fully unitary.
The full issue arises when we remember why we care about unitarity—it needed is to
conserve probability. This was the very foundation of our quantum mechanical theory. We
introduced Hilbert spaces as a way to encode the linear structure of probability amplitudes,
and we introduced probability amplitudes because they were linear, in contrast to the
probabilities themselves. But the definition of probability amplitudes is that under a
measurement the probability of obtaining a certain result is given by the Born rule (13.86),
which is exactly what gave us the non-unitary collapse.

It seems like we need unitarity because we have probability amplitudes, but the defi-
nition of those probability amplitudes implies non-unitary evolution. This is bad, it seems
like a circular contradiction. We call this contradiction the measurement problem, our
goal in the coming Chapters is resolve this inconsistency. Note that the issue is not with
“interpretations”. In fact, in some way there can never be an issue with interpretations.
Because if the only issue is its interpretation, then I would say there is no issue at all. Pick
whatever words makes you feel better and move on. The real issue is that it seems like the
postulates of quantum mechanics are self-contradicting and that is truly concerning.

In the following chapters we shall examine the measurement problem, coming to the
somewhat controversial conclusion that there is a solution within the standard formalism of
quantum mechanics, regardless of whatever interpretation you prefer. Firstly, we will rule
out one potential solution to the issue: hidden variables. We show that any hidden variables
theory must be non-local, whereas quantum mechanics itself is local, the latter conclusion
hinging heavily on the linearity of quantum mechanics. Then we tackle measurements as
a phenomenon to be understood. We begin by showcasing the link between linearity and
always observing definite results, including an argument as why the Born rule is unique.
Finally, we delve into the role of the environment by examining decoherence.

14 The failure of hidden variables

The very first thing you might suggest to solve the measurement problem (and the philo-
sophical qualms with probability), is the possibility of hidden variables. That is, we posit
that quantum mechanics is not fundamental, that is is somehow incomplete. In this frame-
work here are hidden variables that we do not understand yet which would be completely
deterministic. The probabilistic nature of quantum mechanics, rather than fundamental is
just due to our ignorance of these hidden variables, in very much the same way that the
determinist Newton’s equations can still yield a random coin toss if we are ignorant of the
precise initial conditions and forces acting on the coin. Even non-commutativity is easily
explained by interfering measurements. For example, the order in which we measure the
spin in the x or z directions changes the outcome because measuring S, will change the
hidden variables in an unknown way, and that would change the outcome of subsequent
measurements.

For a long time it seemed like this would be perfectly possible, but John Bell in 1964
showed that no such hidden variables theory could be local and reproduce all predictions
from quantum mechanics. Better yet, this wasn’t just some theoretical construction, there
were distinct experimental predictions from local hidden variables and quantum mechanics.
Verifying these results is what gave Alain Aspect, John F. Clauser, and Anton Zeilinger
the 2022 Nobel Prize in Physics “for experiments with entangled photons, establishing the
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violation of Bell inequalities and pioneering quantum information science”. These results
completely doom any hidden variables theory, if they are non-local then they would have
no hope of recovering relativistic physics.

Our goal in this chapter is two-fold: examining why local hidden variables theories
fail, and examining why quantum mechanics can be local while recoving the experimental

observations.

14.1 The EPR paradox

The first to suggest that there might be an issue with locality in quantum mechanics were
Albert Einstein, Boris Podolsky, and Nathan Rosen in 1935. Their initial article was about
position and momentum but David Bohm provided a sharper argument using two spin-1/2
particles. In either case, the crux of the argument relies on the phenomenon of entanglement
which happens when the outcomes of experiments performed on two different particles are
correlated.

In order to describe entanglement we need a new-ish mathematical tool, tensor producs.

Definition 14.1 (Tensor Product). If you have a Hilbert space H 4 with basis {|ia)}
and another Hilbert space Hp with basis {|ap)}, then we define the tensor product
Ha ® Hp such that.

1. Tts elements are given by [¢) = Zwm lia) ® |ap)

7,0

2. The inner product is given by (Ix), %) = D Xiatjs(lia) . 1ja))(las), 85))
ijaf

This might seem unfamiliar but we have actually already encountered tensor products.
They essentially correspond to having multiple labels on a state-vector. For example, the
energy eigenstates of the Hydrogen atom are labelled |n, ¢, m) which could be thought
of as |n,¢,m) = |n) ® |¢) ® |[m). It is standard practice to omit the ® and just write
[¥) ®|x) = |¥) |x), or even [, x). These simpler notations often make manipulations with
tensor products very intuitive.

Just to give another perspective we can write the tensor product of two finite vectors
in components.
ViU
V1U2
v1us
U1 Uy V2uq
(%] X Ug = VU2 (141)
U3 us V2u3
V31
V3U2

v3u3

In general if dimH 4 = da and dimHp = dp then dim(Ha @ Hp) = dadp.
Very importantly, there are states in the tensor product Hilbert space which cannot

be written as the tensor product of states in the smaller Hilbert spaces. Ie. there are
[Yap) € Ha ® Hp such that there are no |xa) € H4 and |¢p) € Hp such that

lYap) = |xa) ®|¢B) (14.2)

The EPR paradox
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very often we will need to take linear combinations of tensor product states.

States which can be written as (14.2) are called separable, otherwise we say that the
states are entangled. In this latter case measurements on the A components will be corre-
lated with measurements on the B components.

What EPR (and Bohm) envisioned was preparing the following state made of two

spin-1/2 particles
1

V2

This preparation is perfectly feasible experimentally as this is a rotationally invariant state

[EPR) = —=([Tals) — HalB)) (14.3)

(You can check that it is written the same way regardless of choosing eigenstates of S, or
Sy or any other direction).

Then we send each particle to two observers, Alice and Bob, who will measure their
spin. Crucially, they will be so far away that it would be impossible to send any signal
between then without breaking the speed of light barrier.

INSERT PICTURE

If relativity is to hold, then the results of these two experiments cannot influence one
another. However, if Alice measures spin-up she knows instantly, that Bob must have
measured spin-down. Even though they cannot communicate, when they compare their
results they will see that the spins were always perfectly anti-correlated. Einstein called
this “spooky action at a distance” claiming this was proof quantum mechanics must be
somehow incomplete.

The solution EPR (and Bohm) proposed was that there could be some hidden variables
we didn’t have access to which would fix the true value of the spin locally when the particles
were produced. Then there is no “spooky action at a distance” required. The situation
would be perfectly identical to me giving my two gloves in closed boxes to two different
people. When Alice, say, opens the box and sees a left-hand glove she instantly knows that
Bob has the right-hand glove. There is no “spooky action at a distance”, it’s correlation
which was set-up locally.

INSERT PICTURE

What we will see in the next section is that this solution cannot be. There are subtle
differences between the classical and the quantum versions of this experiment which can
be, and have been, verified. Luckily for us, it turns out that quantum mechanics is local,
without requiring “spooky action at a distance”.

14.2 Hidden variables cannot be local

We will describe three ways in which local hidden variables disagree with quantum mechan-
ics (and Nature). Each of these would be sufficient to demonstrate this fact but we shall
present all three for completeness. The first was originally proposed by Daniel Greenberger,
Michael Horne, and Anton Zeilinger in 1989 and is much simpler than the others, serving
as a warm-up. The second was the original derivation due to John Bell. The final is more
generic and was the one which was first verified experimentally, it was first described by
John Clauser, Michael Horne, Abner Shimony, and Richard Holt in 1969.

The GHZ experiment The GHZ version of the EPR paradox involves three spin-1/2
particles prepared in the following state

(GHZ) = —(1tatste) - alsic) (11.49)
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We then send each particle very far away to three different observers Alice, Bob and
Charlie who each measure the spin of their respective particles. They are far enough that
no subluminal signal could be sent in between their measurements.

INSERT PICTURE

Fach observer has two options, they are allowed to either measure the spin in the x or
the y direction®” and they do not communicate the choice beforehand.

The outcome of these measurements is random. Sometimes, they get spin up, some-
times they get spin down. However, when they compare their notes they discover correla-
tions between their measurements. In particular, whenever two of them measured the spin
in the y direction and the other measured the spin in the = direction, the product of their
answers is +1.

We can check this prediction using quantum mechanics, remembering the usual results
from the definition of the Pauli matrices

o [1)=H), ox 1) =11), oy 1) =i}, oy [}) = —i[1) (14.5)
to obtain

o @ ol @0l |GHZ) =— (07 [1a) @ 0¥ [15) ® 0§ [1c) — 0 [La) ® ol |lp) @ 0F L)) =

Sl -

1

(Ha) ®@illp) @illc) = Ta) @ (-i[1B)) ® (=ilTe))) =

Sl

2
1

5 (—Nadple) +[Tatptc)) = |GHZ) (14.6)

5

and similarly for the other two combinations.
If we believe local hidden variables, then the spins were determined at the creation of

this state without needed any superluminal communication. Calling the true value for the
A

x )

spin of the A particle in the x direction sZ', and similarly for the other particles we can

therefore conclude from the above that

sfsfsg = s‘;sfsg = sﬁsfsg =+1 (14.7)
multiplying these three expressions and remembering that every spin can only be +1, which
B)2 A)2 )2
means (s5)” = (s{')” = (s§)” = +1, we conclude
s8¢ = 11 (14.8)
But this is not the prediction from quantum mechanics:

o2 @0l @0l |GHZ) =—= (02 [ta) @ oZ |18) ® 05 [tc) — 02 [La) @ 02 |Lp) @ 08 |Lc)) =

1
V2
_ 1
-

We see that local hidden variables cannot reproduce the results from quantum mechanics.

(Halslc) = [TatsTe)) = — |GHZ) (14.9)

Bell’s inequalities Now we go back to the EPR case. For clarity, we have two particles

in the state 1

V2

87For simplicity we will rescale the spin variables so that the outcomes are £1 rather than +h/2. Our
observables are therefore the Pauli matrices o.

[EPR) = —=(TalB) — Hals) (14.10)
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and two observers, Alice and Bob, which are sufficiently far away to preven subluminal
communication.

INSERT PICTURE

We will allow them to measure spin in any direction. The hidden variables position is
that at the furnace each particle had a definite spin which is a function of the direction to
be measured & and the hidden variables A (it could be a set of variables for all we know,
this is merely a compact notation). We call those functions s*(&,)\) and s?(a, )\), and
note they can only take the values £1. If both observers measure the spin in the same
direction & then we get opposite results, that is, s*(&, \) = —s®(a, \). So we will simplify
and define s(a, \) = s4(a, \).

The values of ) is fixed, but we are ignorant of them, so we must introduce a probability
distribution p(\) such that p(A\) = 0 and [dAp(A) = 1. The expectation value of the
product of the spins in two arbitrary directions & and b is then given by

<(0'A -a) (O’B . 5)> =— /d)\p()\)s(&,)\)s(fb, A) (14.11)

In quantum mechanics we use the definition of the Pauli matrices to write
a a; —ia
o-a= ( 5o 2) (14.12)
a1 +1ag —as
which will give us

(EPR| (o - @) (o7 - b) |EPR) =

_;<<TA|UA calta) (lslo® -b|lp) + (talo? -a|la) (tslo® - b|ts) —

—(talo® - alba) sl o® - blis) = (bal ot - al1a) (1ol 0P -B¢B>) -

(—&3?)3 — dgi)g — (&1 — iflg)(?)l + ii)z) - (&1 + i&g)(?)l — ii)g)) =

——a-b (14.13)

DN | =

So far, there is no issue with finding hidden variables than can reproduce these results,
but this is not the case when we consider three possible directions, @, b and é. Using
(14.11) we can write

<(0'A ) (aB - B)> —{((o*-a)(c? &) = — /d)\p()\) (s(a,x)s(ﬁ, ) — s(d,)\)s(é,)\))
(14.14)
Now, since s(b.\) = +1 we have s(b.A\)2 = +1, and therefore we can write

((o"-a)(a? b)) ~ (o) (0" &) = - /d)\p()\)s(&,)\)s(l;, V(1= s(b,N)s(e,n)

(14.15)
The absolute value of an integral is less or equal than the integral of the absolute value,
and [s(@.\)| = |s(b.\)| = +1, so we have

’<(0'A -a) (O'B 5)> — <(0‘A -a)(o” é)>‘ é/d)\p()\)(l —8(5,)\)5(6,)\)) =

=1+ ((c*-2)(c”-¢)) (14.16)
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This is the Bell inequality and must be obeyed by any local hidden variables theory.
However, quantum mechanics does not obey Bell’s inequality for all a, B, ¢. In partic-

ular, take
. a+b
4-b=0 and &= 14.17
n 7 (14.17)
we then have, using (14.13)
. 1
‘ (EPR| (o - &) (.;B : b) [EPR) — (EPR|(c* - &) (c'® - &) |EPR>’ =5 (419)
but 1
1+ (EPR|(oc*-&)(c” - &)[EPR) =1+ — (14.19)

V2

which is larger than (14.18)! Therefore quantum mechanics violates Bell’s inequalities, and
cannot be described by a local hidden variables theory.

The CHSH inequality The last example is a bit more general than the previous two
(although we will still use the EPR state). Take two observers, Alice and Bob, who can
each choose to measure one of two observables A; or As, and B; or By. Each of these
observables can only take the values +£1. We will required that the two measurements are
spacelike separated so that

[A;, Bj]=0 for i,j=1,2 (14.20)

but no assumptions on [A4;, As] or [By, Ba].
Our goal is to ask about the expectation value of a new observable

C = (A + Ay)By + (A) — A2)B, (14.21)

If we have hidden variables we can replace all observables with their corresponding
value

c= (a1 + ag)bl + (a1 — ag)bg (14.22)

which are all possibly quite complicated functions of the hidden variables.
Since a; = +1 we have two options

e a1 tax =0 — a1 —as = £2
e a1 —ax=0 = a1 +ay==2
additionally, b; = +1 = |b;| = %1, therefore
—2<c<2 (14.23)

This is the CHSH inequality.

In quantum mechanics we cannot give values to both A; and As, nor can we fix both
By and Bs, so we must be a bit more cautious. However, because the eigenvalues are +1
it is still true that A? = B? = 1. Therefore, after some algebra we can find

C? = 41 — [Ay, As][By, Bo) (14.24)
Even without fixing [A41, A3] we can still write

[([A1, A2])| < [(A142)] + [(A241)] < 2 (14.25)
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and similarly for [By, Bs]. We can conclude that
8<(C?) <8 (14.26)
and using (C?) > (C)? we write
22 < (C) < 2V2 (14.27)

which is a larger interval than what is allowed by local hidden variables! This new inequality
is known as the Cirel’son bound (somtimes also transliterated as Tsirelson) after Boris S.
Cirel’son (or Tsirelson).

In the EPR state we can saturate this bound if we choose

Ay =0, (14.28)

B; :%(O’m +o0.) (14.29)

Ay =0, (14.30)
1

By =—(—0,+0,) (14.31)

V2

Once more demonstrating the inability of local hidden variables to describe the results from
quantum mechanics.

14.3 Quantum mechanics is local

In the previous section we saw three examples of why hidden variables theories cannot both
be local and reproduce the results from the experiment. Quantum mechanics can of course
reproduce the results from experiment, but is it local?

Let us focus on the EPR case when we have only two observers. Our Hilbert space is
then the tensor product of two other Hilbert spaces: H = Ha ® Hp. Now imagine Alice
wants to compute the expectation value of some local observable O 4. By local we mean
that it does not effect the B variables at all, so we can write it as

0=0,01p (14.32)

the expectation value of this observable in a generic state

) = tialia)ap) (14.33)
is given by
(W@lO1) = biathjs (ial Oalja) (aslBs) (14.34)
ijas

assuming the bases are orthonormal we find

(WIONY) =D Wiathja (ial Oalja) (14.35)

ija

Once again notice this expectation value does not look like the expectation value on some
state |x) purely on H4:
(XI0alx) = xix; (ialOalja) (14.36)

ij

Quantum mechanics is local
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unless 1;, = X;¢, in which case

[¥) = [x) ®1¢) (14.37)

i.e. unless the state was separable.

The existence of entangled states leaves us in a bind. It seems like we cannot just
compute things in H 4 without knowing what is happening in Hp, which would entail
some sort on non-locality. Luckily this is not the case, we just have to extend slightly our
notion of physical state.

Looking back at (14.35) the repeated « index really resembles a trace of some operator.
In fact, we can construct an operator from |1/)>

p =YX (14.38)
such that (check!)
(Y|Oy) = Tr(pO) (14.39)

This operator is known as the density matriz®®
Even though we cannot define a state-vector on H 4 we are still able to define a density
matrix on H 4 by taking a partial trace

pa=Trpp= Yiatjalia) (jal (14.40)
1jo

It is straightforward to verify that

(Oa) =Tra(paOa) (14.41)

This means the density matrix is able to recover all of the expectation values that the
ket would compute, but it can do more and also describe subsystems without needing to
reference the full Hilbert space. It seems these density matrices can be generalisations of
state vectors. We just need to find their key properties if we are to provide an independent
definition.

From the original p three properties are immediately clear:

1. Hermiticity: o = ([0)Xu)T = [¥}e] = p
2. Positive definite: (¢lp|¢) = (6|¢) (| ) = [($lv)]"
3. Unit trace: Trp = (Ylyp) =1
We can also show this properties hold for the subsystem p4:
1. Hermiticity: pg = Z(difa%a lia) ()T = Z ViaVja 7a) (ial = pa
ijo ija
2. Positive definite:

(@lpald) = D iatjadidr (kalia) (jalla) =D Viathjadie; =Y a®i

ijkla ija

. Unit trace: Trps = szaw]a (ialja) Z Wial? = (Wly) =1

ijo

88The name “density” was given for very obscure reasons, in statistical mechanics it appears in some
equations where the phase space density would have appeared in classical physics.

Quantum mechanics is local
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Additionally note that density matrices are invariant under changes of phase of the
vectors, the usual phase ambiguity is gone. We therefore generalise the notion of physical
state into the following definition:

Definition 14.2. A physical state is represented by a density matrix p which an linear
operator on a Hilbert space, H, that satisfied two properties

1. Positive definite® (Y|plp) >0 V) e H

2. Unit trace: Trp =1

®Note that positive definiteness implies Hermiticity so we don’t have to specify them separately.

If the density matrix can be written as p = |[¢))(¢)| then we say that the state is pure,
otherwise we say that it is mized. Additionally we can go back to the notion of entanglement
we introduced earlier. If the state in the full Hilbert space is separable (and pure), then
the state in the reduced Hilbert spaces is also pure. If, however, the original state was not
separable, then the reduced density matrices will be mixed.

We introduced density matrices to be able to deal with subsystems but their Hermiticity
suggests an alternative interpretation. Let |p;) be the eigenvectors of p, with eigenvalues
p; = 0. Because p is Hermitian, they necessarily form an orthonormal basis, so we can then

write

p= sz' i )pil (14.42)
An expectation value in this basis looks like
Tr(pO) = > pi (pilOlps) (14.43)
i
Additionally, the unit trace condition gives

Trp=Y pi=1 (14.44)

These expressions are the same as if we were ignorant as to what the true state of the
system was and only new it could be any of states |p;) with probability p;. The density
matrix can therefore also encode classical ignorance about the true state of the system.

This interpretation motivates the definition of von Neumann entropy

S(p) = —Tr(plogp) (14.45)

which, in the basis (14.42), looks like

S(p) = = 3_pilogp; (14.46)

if we define 0log0 = 0. Because p; > 0 and ) . p; = 1, all of the terms in the sum are
positive. Further, either one of the p; is 1 and all the others 0, in which case p is pure; or
none of the p; equals 1, and p is mixed. We conclude

S(p)=0 iff p=|Y)ep| forsome |P)eH (14.47)

The two ideas of density matrices, as classical ignorance or as a way to describe sub-
systems are in fact mathematically equivalent. Let us enlarge the Hilbert space by taking
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two copies of it, H — H ® H. We can then define the vector
) =" /pilpi) ® |pi) (14.48)
i

such that the original density matrix is reduction of the matrix
p= W) (14.49)

by tracing out one of the copies. This process is called purification, it is certainly not a
unique procedure, but it showcases any density matrix can be seen as a subsystem of a
pure state in a larger Hilbert spae.

We can finally go back to the EPR example and talk about locality. The density matrix
representing the full pure state on Ha ® Hp is

1
p = |[EPRYEPR| = §(|TA¢B><TA¢B| +Hate)Xdatsl — [Tals)lats] — Late)XTals])
(14.50)
Tracing over Hp we find the reduced density matrix Alice has access to is

pa = ()Tl + Lakbal (14.51)

which is exactly what we expected, a 50-50 change of observing spin-up or spin-down.

Now let us imagine Bob performs his measurement. He will observe the state |14l5)
with 50% probability or the state || 4Tp) with 50% probability. These probabilities are
now just classical ignorance about the outcome of the measurement. Therefore, the total
density matrix after Bob does his measurement is

Pmeasured = %(|TA\LB><TA¢B| + |¢ATB><¢ATB|) (14.52)

tracing over Hp we again find

pa = (Tl + akba) (14.53)

The density matrix that Alice has access to is the same whether or not Bob performed
his measurement. Despite there being non-local correlations between H 4 and Hp, the
local measurements are none the wiser. We cannot use these correlations for any kind of
superluminal communication. Remember the reason why relativity forbids superluminal
communication—the order between spacelike events is not unique. We cannot have a causal
connection between two events if their order is reversed. In this case we see that the order of
events does not matter for the local observations. From Alice’s perspective there is no way
to tell whether Bob has done his measurement or not. Bob’s measurement might change
the global state but it does not change the local state that Alice can probe. Quantum
mechanics s local.

In general, take a density matrix
p=">_ pilpi)pil (14.54)

if we measure a certain observable O with eigenvectors |\,) then we will obtain the result
A With probability

P(|A)) = Zpi\<pi|Aa>|2 (14.55)

Quantum mechanics is local
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because p; is the probability that we were in state |[p;) and |(pi|Aq)]” is the probability we
end up in state |\,) if we were in state |p;). The density matrix after measurement is then

P =" P(IAa)) PMaXXal = > [(Xalpi)*pi [Aa)Aal =

=> " AaX Al <Zp1: pz’><pi|> Aa)Xal =D [Aa) Mal plXa) (Nl (14.56)

Very crucially this is a linear action.

Additionally, if the Hamiltonian is given by H, then the states |p;) evolve as

Ipi(1)) = e #11t |p;(0)) (14.57)

and therefore the density matrix evolves as
sz pi(t))Xpi(t)] = pie” 71" |p; (0)Xpi (0)] en ! (14.58)
i
which is also linear. We can also write as a differential equation

9P _

hoy = ~lp, H] (14.59)

which is the quantum Liouville equation. Note how this is not the Heisenberg equation,
there is a minus sign which is different. The density matrix is a special operator when it
comes to time evolution because it isn’t an observable, it is the state.

No matter whether we are performing measurements or regular Hamiltonian time evo-
lution, the change in the density matrix is always linear. We can therefore write generically,

in a basis

Pij = ZKik,jlpkl (14.60)
ki
where Ky, 51 is the kernel and obeys

> K =1 (14.61)

to ensure p’ has unit trace.

If the Hilbert space is made up of two isolated subsystems then, even if the density
matrix isn’t separable, the measurement and Hamiltonian actions will be, so we can write

Kiaky,jp15 = Kﬁ,szfw,Bs (14-62)

The density matrix of subsystem A is
Pl = Piovja (14.63)
(07

which evolves as

p’L] - Z K’Lk ]lKouy asPky,16 = ZK’Lk lekl (1464)
klavyd

where we have used

Z KB 5= (14.65)

Quantum mechanics is local
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which follows from (14.61)

We see that what we observed in the EPR state is generic. The evolution if H 4 is
always independent of whatever was done in Hp, as long as they are far enough away that
the Hamiltonian and measurements factorise. This is a generic way to see that quantum
mechanics s local. Unless there is some direct coupling in the Hamiltonian there is no way
for H 4 to influence Hp.

The previous result hinges very heavily on the linear structure of quantum mechanics.
Any changes to quantum mechanics that introduce any sort of non-linearity risk having
to contend with the possibility of superluminal communication. Linearity and locality are
very intimately linked.

15 The dynamics of measurements

The first solution we came up with to resolve the measurement problem was to posit
quantum mechanics was somehow incomplete, that there were hidden variables we didn’t
control who could explain all of the weird phenomena with just classical ignorance rather
than fundamental probabilities. No matter how attractive such as solution may seem in
the previous chapter we have thoroughly ruled out such a hypothesis. To explain the
experimental observations any such hidden variables theory would necessarily have to be
non-local, which is not compatible with relativity. Quantum mechanics on the other hand
is perfectly capable of describing experiment without introducing any non-localities, the
crux being the linear structure of Hilbert spaces.

How can we then resolve the measurement problem? One possibility would be if we
could somehow derive the Born rule, then perhaps we could at least get rid of the circularity.
This, at first, seems impossible. The Born rule was at the heart of quantum mechanics, we
introduced Hilbert spaces to codify the mathematical properties of probability amplitudes.
The state arose as a mere abstraction of a probability amplitude to allow us to work in an
unspecified basis.

In truth, however, we only used those properties as motivation for the introduction of
a Hilbert space. We didn’t prove that the observed properties of probability amplitudes
necessarily imply Hilbert spaces. What we did was get at a couple of fundamental properties
and then postulate quantum mechanics could be described by state-vectors in a Hilbert
space and verified we could use that mathematical structure to encode the results we
had obtained earlier. From this latter point of view, the Born rule arose as an ad hoc
late addition to interpret inner products. Sure, it was helpful in motivating unitary time
evolution but, at the end of the day, we also had to just postulate the Schrodinger equation.
We could even have entirely sidestepped this unitary time evolution motivation and just
used the quantum Poisson bracket to get the Heisenberg equation and then used the map
between the two pictures to get the Schrodinger equation.

From this latter point of view, it might be eminently reasonable to abandon the pos-
tulate of the Born rule and see whether we can re-derive it from the other postulates.
This is precisely our first objective, we will be able to derive the need for a fundamental
probability structure and motivate the Born rule from the linearity of superpositions and
the postulate that observables are linear Hermitian operators who have well defined values
for their eigenstates. After this we will tackle the dynamics of measurement, uncovering
the role of the environment in dampening the non-diagonal terms in our system’s density
matrix, a phenomenon known as decoherence. We first show a simple example to give the
idea, then we give a more general argument showcasing this phenomenon under certain

physical assumptions.
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15.1 Linearity and the Born rule

Let us revisit our description of the Stern-Gerlach experiment. Under a magnetic field
B = —ae; + (By+ az)e, (15.1)

where By is quite strong, the trajectory of the particle will approximately be given by

d* (X)

v ~ Qy <SZ> € (15.2)

This equation predicts that if we send a particle in the state |1) it will be deflected upwards
and if we send a particle in the state |}) then it will be deflected downwards.

This is however not the full story. We haven’t yet described how we can tell which way
the particle went. The actual experiment also involves a particle detector, for example it
could be a screen that reacts when a particle hits it in a given location, giving some visual
cue the experimentalist can observe. A particle with definite position « (or suitably peaked
around that value) at the point it hits the screen will cause a dot on that position.

INSERT PICTURE

The detector itself is just a complicated quantum mechanical system. Let us call |Dy)
the state corresponding to no dot on the detector and |D,) the state corresponding to a
dot on position x of the detector. If we have an incoming particle with initial position x;,
in the spin-up state, the initial state of the full system, before the particle hits the detector
is

|a:iaT7D(0> (153)

This particle will be deflected upwards as dictated by (15.2), let us call the final position
when it hits the detector 4. Then the final state, at the moment the particle hits the
detector is

4,1, D, ) (15.4)
Similarly, if the initial state was instead
|wia\J/7DV)> (155)
the final state will be

’m\L;\l/vaJ) (156)

where @4 is the final position of the particle, as dictated by (15.2).
We can also send in a superposition of spin-up and spin-down states with definite initial
position x;.
Vi) = alzi, 1, Dy) + b2, |, Dy) (15.7)

The time evolution is a linear action, therefore the final state will be given by
ls) = a|@s, 1, Do, ) + by, |, Do) (15.8)

What do we see on the detector screen?

Let us define an operator D4 that tells us whether or not the detector has detected
spin-up, we define its action as

Dt |Dg) =|Dg) for ==xt (15.9)
D4 |Dg) =0 otherwise (15.10)

Linearity and the Born rule
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The superposition [¢) is not an eigenstate of this operator so we do not know if it has
spin-up.

Similarly, we can define D, that tells us whether the detector has detected spin-down:

Dy |Dg) =|Dg) for z==x (15.11)
Dy |Dg) =0 otherwise (15.12)

Once more the state |1f) is not an eigenstate of this operator so we do not know if it has
spin-down.

We can also define a operator D4y which tells us whether we have spin-up or spin-
down, defined by

Diyy | D) =|Dg) for x = (15.13)
DTVl ‘Dw> = |Dw> for x = T (1514)
D4y |Dg) =0 otherwise (15.15)

This is a “definiteness” operator, which tells us whether or not we have detected a state
with definite spin. A state that ends up in a position @ which is neither x4 nor ; would
have eigenvalue 0. If we do observe a definite spin state then this operator yields 1, i.e.
yes.

Acting on |¢;) we have

Divy [tg) = ly) (15.16)

This superposition is not definitely ‘spin-up’ nor is it definitely ‘spin-down’, but it is defi-
nitely ‘spin-up or spin-down’. The linearity of superpositions implies that any superposition
of spin-up and spin-down states is still a state which is for sure definitely ‘spin-up or spin-
down’. We never observe something else.
More generally, let us call |i) the set of states which has a definite result for a given
observable O
Oli) =\ |2) (15.17)

The observable which tells us whether we have observed a definite result of O is defined by

D) =3 (15.18)
DY) =0 otherwise (15.19)

Because O is an observable and therefore Hermitian, the states |¢) form a basis. Therefore
for an arbitrary state in this Hilbert space we have

DIg) =D} eli) =3 e:Dli) =3 1i) = |v) (15.20)

which means D is the identity operator! Therefore, any state in the Hilbert space has a
definite result for O. The results and discussion from the Stern-Gerlach case are generic.

What we have assumed is that superpositions are linear combinations of the base
states, that observables are represented by Hermitian operators, and that eigenstates of
these observables have definite values. These postulates when combined give us that we
always observe definite results. Note this very subtle point, we don’t always observe the
same value. It is not true that |¢)¢) always yields spin-up for example. What is true is that
we always observe a definite answer, we get spin-up or spin-down, not anything else.

Do what do we observe? We have several options but no way to determine which ones
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we do observe. Without hidden variables we do not have a way to predict which option
happens, in fact, quantum mechanics tells us it is impossible, it’s random. What we can
predict are the probabilities of obtaining each outcome. In practice the way we measure
these probabilities is by taking N copies of the same state (or more precisely N copies of
identically prepared states) and measure the relative frequencies of each outcome for large
enough N. If the state we want to examine is generically given by

= Zc b) (15.21)

then the state in the combined system of the N copies is

‘!p> ‘ > & ‘w Z cllclz -~'CiN ilig . ’LN> (15.22)

i182..

If the states |é) for an orthonormal basis then
(G192 .. iN|J1d2 - IN) = 0i110injs =+ Oinin (15.23)
the state |¥) is normalised if ), lei|” =

We define the frequency operator on the basis |i1is...ix) such that

. . Ny .. .
P, |iyig...iN) = Wn lizia...iN) (15.24)
where N,, is how many indices i1, i3, ..., ix are equal to n.

Our goal is to show that

leal® (1 = leal?)

H (Pn - |cn|2]1) |u7>H2 -— = (15.25)

which shows that in the limit N — oo the state |¥) is an eigenstate of the frequency
operator with eigenvalue |cn|2, as predicted by the Born rule.

Assuming that P, is linear we have

N, .
P, |7) = Z CiyCiy »+* Ciny P |12 .. Z CirCig *** Cin livig...in) (15.26)

1192...0N 1112..

To make calculations simpler we introduce a compound index I to replace the set of indices
172 ...41n, and we introduce Ny, to be how many of the indices 7,75 ...4x in I are equal
to n. Of course for any I we will have

> Nin=N (15.27)

In this notation we write
=> (H ng,n> 1) (15.28)
I n

and therefore

P, W) = Z <Hcme>7”|1> (15.29)

Linearity and the Born rule
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which gives us

(P = teal?a) 193] =Z(chm|N’m> (Mo of) s

Instead of summing over I we can sum over Ny, No, etc. The number of Is with N;,, = N,

for a given set of Ny, Na,... is just the binomial coefficient
N!
_ 15.31
NyINg!- - ( )
therefore
> 2 _ o8\ ((Nn 2\? N
H(Pn = lenl ]1) |V7>H = > (] leml N |cnl NNl (15.32)
N1N2... m
where the sum is constrained by Ny + Ny +--- = N. Now we use the binomial theorem to
write
N! N
2N, : . 2
> (H|cm| )WQ!,,, - (z|cm|) (15,59
N1N2... m m

we can also write
0
2 2N, | _
el PTNE <l;[|cm| ) =N, (15.34)

and putting the two togehter we find

0
G T 'C"'> (Z'C’”'> i
1 o\ 2 9 N
~(w(r5) ‘N‘C““M*'C““ (Zer) -

m

e

4 N-1 N
- 2N|CJ7<[‘ <Z|cm|2> + |cn|4<Z|cm|2> (15.35)

m

H (Pn - |c,,,|211) |y7>H2 - M (15.36)

as desired.

This result is exactly what we needed. We just assumed linearity, hermiticity and that
eigenstates have definite values, and we obtained that the frequency operator has as eigen-
values exactly what we wished from the Born rule. There are however complaints about this
procedure, firstly it’s frequencist in nature which is not what a lot of statisticians prefer.
Secondly, the limit N — oo is dubious. Without invoking the Born rule we cannot actually
interpret the action of P, on |¥), it’s definitely close to an eigenstate with eigenvalues
|cn|27 but it’s not quite there. Further, although there are constructions for N = oo there
are also objections to those constructions. It’s not just that the Hilbert space is infinite

Linearity and the Born rule

161



THE DYNAMICS OF MEASUREMENTS

dimensional, it’s that we taking infinitely many copies of a possibly infinite dimensional
Hilbert space. This infinity is sometimes a bit too big and breaks the mathematics in a
fundamental way®®.

In case you are a more serious mathematician than I am and these issues are too serious
for you to be convinced, there is an alternative—Gleason’s theorem. This theorem states
that the unique probability distribution one can assign to projection operators |i)(i| is given
by

Py = Tx(piil) (15.37)

where p obeys the axioms of a density matrix. Although it doesn’t have the flavour and
intuitiveness of the frequencist argument, this theorem is more mathematically robust,
showing that the Born rule is unique.

All in all, we see that linearity, hermiticity and the eigenstate postulate determine
that we always observe definite results, even for superpositions. Further, we can use these
postulates to derive the probability of obtaining each outcome and it uniquely gives us
the Born rule. Because we have ruled out hidden variables these probabilities are to be
understood as a fundamental indeterminacy of nature.

15.2 Decoherence: a simple example

The ideas of the previous section are good but they are not enough. For one, we were
always working in a given basis. But the definiteness operator is the identity which is the
same in every basis. Why are [1) and |]) special? At first sight the state
1
V2

is an equally valid pure state in the Hilbert space. Why is the basis {|1),[{)} special?

(11 + 1) (15.38)

Additionally, we have no understanding of the dynamics of measurement. Does collapse
actually happen? If so, how does it work, who gets to collapse states, and in what basis
does the state collapse into?

To illustrate these issues, it is worth going over a famous scenario concocted by Erwin
Schrodinger in 1935. He imagined a closed box containing both a cat and a device consisting
of a tiny amount of a radioactive source and some poison. If the radioactive source decays
then the poison will be triggered and the cat will die. If the radioactive source doesn’t
decay then the poison will not be triggered and the cat doesn’t die.

INSERT PICTURE

If we wait for a time equal to the half-life of the radioactive source, the state that
system will be in is given by

1
V2

where |1) is the initial excited state and |0) is the final ground state. If the state is |1)
the cat is alive, if the state is |0) the cat is dead, so the conclusion is that the cat is in a

|source) = (11y 4+ |0)) (15.39)

superposition between alive and dead
1

V2

|cat) = —(Jalive) + |dead)) (15.40)

89 A similar issue arises for quantum field theories, which essentially assign a harmonic oscillator (which
is infinitely dimensional) to every point in spacetime
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This conclusion is so bizarre that Schrodinger called it “completely burlesque”. We never
observe macroscopic systems to be in such superpositions. Of course, if someone, say Alice,
were to open the box then they would be able to measure and collapse the cat’s state into
“alive” or “dead”. But who gets to collapse the superposition? Could Bob not say that
instead Alice was in a superposition

|Alice) o |cat alive) |Alice sees cat alive) 4 |cat dead) |Alice sees cat dead) (15.41)

correlated with the state of the cat?

In the early days of quantum mechanics people tried to make measurements obey
different laws than quantum systems. Some of them attributed special behaviour to con-
sciousness. The Copenhagen interpretation championed by Niels Bohr posited that large
systems had to be described classically and that it was the interaction between a quantum
and a classical system is what caused the collapse. Both of these options seem untenable
for modern readers. We want classicality to be an emergent phenomenon from quantum
mechanics. It cannot be fundamentally separate.

The answer to all of these puzzles lies in the role of the environment. After all, our
quantum systems are not isolated, they are subject to an environment. If nothing else the
black body radiation from the cosmic microwave background. Every system is in fact an
open system, the total Hilbert space is then H = Hg ® Hg. Assuming the full system is
described by a pure state |¢)) € H we are looking after the time evolution of the system
density matrix

ps = Tep [0 (15.42)

The full state |¢) evolves unitarily as given by the Hamiltonian of the full system, however,
the evolution of pg might not be unitary.

Let us assume the system starts out separable

1%(0)) = ¢s) @ |xE) (15.43)

where |¢g) € Hg and |xg) € Hg. This means the initial system density matrix is pure

ps(0) = |¢s)Xos] (15.44)

The state of the full system at time ¢ is given by

[¥(®)) = U (@) [4(0)) (15.45)

therefore, the system density matrix is

ps(t) =Trp ([ ®))e(t)]) = Tre(UE) [$(0))Xp(0)| U =
=> {ap|U®)[$(0) ($(0)|U®) o) (15.46)

where {|ag)} is a basis of Hpg.
If we define the Kraus operators My (t) : Hs — Hg

Mo (t) = (ap|U(#) [x) = Tre(U(t) [xXazl) (15.47)

Decoherence: a simple example
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we can write the time evolution of the system density matrix as

ps(t) = 3 Ma(t)ps(0)Ma (1) (15.49)

which is in general not a unitary transformation (although it s linear!).

If the Hamiltonian does not actually couple the two systems so that
H=Hs®1g+1s5® Hg (15.49)

we have
U(t) =Us(t) @ Ug(t) (15.50)

which gives

ps(t) =Y Ma(t)ps(0)Ma(t)' =) (ap|Us(t) [x) Us(D)ps(0)Us () (x| Us(t) |ag) =

[e% «

=Us()ps(0)Us(t)" Y (x| Ug(t) o) (ap| Us(t) x) =

(e

=Us(t)ps(0)Us(t)T (x| Us(t)Ug(t)" [x) =
=Us(t)ps(0)Us ()" (x|x) =
=Us(t)ps(0)Us (1)t (15.51)

which is unitary!

We see that the if the systems starts in a pure state and doesn’t interact with the
environment then it will remain a pure state evolving unitarily. Any loss of unitarity that
would make pg mixed must be a consequence of the interactions between the system and
the environment. This time evolution is in general quite complicated. In this section we
will examine a simple toy model with a 2-level system and 3-level environment. In the next

section we will describe the more physically relevant cases in greater generality.

Let us suppose our system is the spin-1/2 Hilbert space with |1) and [|) and the
environment is three dimensional with basis |0), |1), |2). Let us suppose we set up the
Hamiltonian and interaction between the two systems such that the unitary time evolution
is given by (Exercise: determine the action on |1) and |2) such that this is indeed unitary):

Ult) @10y =)@ (VI=plo)+vFI1)) (15.52)
U@ 10) =11 @ (VI-pl0)+v5I2) (15.53)

In other words, the environment starts in the ground state |0) and after interacting with
the system it has a probability p of transitioning to |1} if the system was spin-up or to |2)
if the system was spin-down, it therefore has probability 1 — p of staying in |0).

Let us suppose the initial state is
) = (a|t) +b|1)) ®|0) (15.54)

where |a|® + [b]> = 1, so that the initial system density matrix is

(0) = laf* at” (15.55)
pPs\V) = a*b |b\2 .
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The Kraus operators for this time evolution are

My =(0|U0) =/1—p1g (15.56)
My = (1[U[0) = /p 1)1 (15.57)
My = 2[U[0) = /p )4 (15.58)

Therefore, the system density matrix at later times is given by

_ ja* (1= pab®

We see that the off-diagonal terms are suppressed under this time evolution. This behaviour
becomes even more clear under repeated applications of this time evolution. If we define
the rate of change as I'/dt, after a time t = Nét, the off-diagonal terms become

(1-p)V = (1 - FJ@)N —e 1t (15.60)

la* e Ttab* lal®> 0
t 15.61
pS( ) — (e[‘ta*b |b|2 — 0 |b|2 ( )

This damping of the off-diagonal terms of the system density matrix will turn out to

and therefore

be generic and not a consequence of our specific toy model. This is known as decoherence
because the final density matrix is mixed or phase-damping because the final density matrix

is real.

There are two main lessons to take away from this example. Firstly, the fact we ended
up with a diagonal density matrix was because of our judicious choice of basis such that U
did not change the system states. It is the shape of these interactions that dictates what
is the basis in which the density matrix will become diagonal. In more realistic scenarios,
the fact that U is local will mean it is a function of X and therefore in the position basis it
will not change the system. This is ultimately why in the Stern-Gerlach we preferred |z4)
and |z;) or in the Schrodinger’s cat we wanted |alive) or |dead), these are eigenstates of
position, which are unchanged by the interactions with the environment. The cross terms
between these states will evolve with time and generically be dampened. Decoherence
solves the basis problem.

The second lesson is due to the final form of the density matrix. It looks like

ps = lal® [T+ [0 [LX4 (15.62)

which looks like a classical ensemble between the states |1) and ||) with relative probabilities
dictated by the Born rule. This is exactly what the outcome of a measurement process
should be! If we wish to include the apparatus in our description we would write something
like

ps = |a|* |1, Doy X1, Do, | + [b]° |4, D, X4, Das, | (15.63)

The two possibilities are completely disconnected. They will never re-cohere. We can
therefore simplify and just use one of the branches the one we, as a quantum system
ourselves, become correlated with

4, D, X1, Das, | + |0

ps = laf® 1 Do, X, Do, | —

1, Do, X1, Dy | (15.64)

Decoherence: a simple example
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The collapse becomes just a way to simplify our calculations once decoherence has occurred.
It is only an approximation to say they are fully disconnected but a useful one. We could
if we liked, keep the other branches, but these cannot be influenced experimentally so it is
often too much trouble. Some people like to think they’re real, others prefer to say they
are not. The distinction is irrelevant, it is a matter of interpretation. What matters is
the outcome of decoherence as a way to explain the effective description of collapse of the
wavefunction.

There is one important misconception worth addressing before proceeding to the gen-
eral case. We have not derived the Born rule. Although the end result of the decoherence
looks like a classical ensemble, without the Born rule we could not interpret it as such. We
needed the Born rule to interpret the tracing out of the environment. It is Gleason’s the-
orem and linearity which gives us the Born rule, as a fundamental probability measure to
be assigned to states in the Hilbert space. Decoherence merely gives a way to dynamically
realise these probabilities in a way we can interact with.

15.3 * Decoherence in greater generality

Our goal in this final section is to demonstrate the phenomenon of decoherence in greater
generality. The calculation is quite technical and lengthy but the detail will make it very
clear what are the physical assumptions needed to observe decoherence. In particular,
we will consider an environment which is thermal and much larger than the system under
study. We will also assume that the coupling between the two is weak. These are physically
well motivated and will allow us to perform explicit computations.

Under these assumptions, the time scales of interest will be much larger than the time
it takes for correlations between the environment and the system to dissipate, which will
allow us to write a differential time-evolution equation for the density matrix of the system,
the Lindblad equation in terms of its Hamiltonian and some additional jump operators
related to the interaction terms between the system and the environment. The presence
of these operators will generalise the usual Hamiltonian evolution of the density matrix
beyond just a unitary transformation. Generically, there will be a special basis in which
the jump operators are diagonal, and in that basis decoherence will happen suppressing
the off-diagonal terms of the density matrix.

Now for the calculation. The setup is that we have a total quantum system Hp which
is composed of a system of interest Hg and an environment Hpg which we wish to trace
out.

INSERT PICTURE

The evolution of the total density matrix, pr is given by

dpr

ihﬁ = [Hr, pr] (15.65)

but we are only interested in the evolution of the system density matrix, pg defined as
ps = Trg pr (15.66)
We will write the total Hamiltonian as follows
Hr =Hs®1g+1s® Hg +eHgsg (15.67)

where Hg is the Hamiltonian of the system, Hg is the Hamiltonian of the environment,
and Hgg is the interaction Hamiltonian between the two, € is a parameter controlling the
strength of this interaction. If € were zero then the evolution of either subsystem would
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be unitary, we will want non-vanishing ¢ but we will assume it is small to simplify our
calculations. Further we will write

Hsp =Y _ S ®E (15.68)

where S; are operators on Hg and E; are operators on Hg.

A last bit of notation, for an operator Ay on Hr we define

AT(t) _ e%(Hs®1E+1S®HE)tATe—%(Hs®1E+1S®HE)t (15.69)

to strip out the unimportant time-evolution due to the isolated parts of the Hamiltonians.

Using this notation we can write

ihaai;T — | Asp(t), pr(t)] (15.70)

We can turn this equation into an integral one (note that A(0) = A(0) for any operator)

ie

pr(t) = pr(0) — /0 s [s(5). pr(s)] (15.71)

and then plug this expression back into the differential version

Ot X g (t). e 0)] - / as [Asp(t), [fsn(s), pr(s)] (15.72)

and once more

aaitT = —%{ﬁSE(t),pT(O)] _ ;;/Ot ds {}AISE(t), {IA{SE(S),ﬁT(t)” +0(%)  (15.73)

from this point onward we will neglect terms of order O(€*).

In terms of the system density matrix we have

dps i€ N e [t N N N
L5 = =T [Asp(t), pr(0)] - o /0 dsTrp [Asp(t), [Hsn(s). pr(t)] | (15.74)
which is still not the equation we are looking after because it still depends on the total

density matrix. We want a closed form expression for the evolution of pg.

Assuming that the initial total density matrix is separable, p7(0) = ps(0) ® pg(0), and
that the environment density matrix is thermal so that pg(0) x exp(—Hg/kpT) we can
show the first term in (15.74) vanishes. First note that it equals

Trg [Hse(t), pr(0)] = 3 (Si0)ps(0) Tre (Bi(t)pe(0)) = ps(0)5:0) Trs (pp(0)Ei(1)) )

(15.75)
Because pg(0) is thermal, we have [Hg, pg(0)] = 0, using the cyclicity of the trace, we
have

Trp (Ei(t)pE(O)) — Trp (Eipp(0)) = (E;) (15.76)

Without loss of generality we can assume (F;) = 0, because we can always shift

Hs — Hs+eY (E)S; and Hsg— Y S ® (Ei—(E)) (15.77)

?
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to ensure it is the case. All in all, the first term in (15.74) vanishes, and we can therefore

write
2

A t
%S - 22 / ds Trg [HSE( ), [EISE(S), ﬁT(t)H (15.78)

We’re close but we need one further crucial assumption, we will assume the environment
is so vast that any correlations between the system and the environment are lost after a time
Teorr- Lhis is perfectly compatible with weak coupling, because a small € will mean that
the time-scale for the evolution of the system 7y is much larger than the time it takes for
the system to uncorrelate Tqys > Teorr. This is quite a strong assumption but it is what will
allow us to fully trace out the dynamics of the environment. This is where the size of the
environment comes into play, for the toy model in the previous section we were not careful
about this when we applied the Kraus operators repeatedly, if we instead reapplied the
unitary evolution and then traced out the environment we would have obtained a different
answer. All in all, this means we shall assume

pr(t) = ps(t) © pu(t) (15.79)

Changing variables s — t — s we can write

t

Os _ ¢ [ ds T (A5 (t), [Asp(t = s), ps(t) @ pu(t)] (15.80)

ot R?
now we expand the commutators to write
0p 2 [t . A . R
O — e [ as e (Has(0ise(c — 9(ps(0) @ p(o)-
*HSE( )(ps(t) @ pu(t))Hsp(t — s)—
E

Hps(0 @ pp) Ase(t - 9 se®)  (155)

To proceed we need an expression for S; (t), its definition is

PN

Si(t) = enflstgentlst (15.82)

which can be written differentially as

aS; i .
= —|Hg, 5; 15.
o = kS (15.83
Defining an operator inner product
(A,B) = Tr(A'B) (15.84)

we can show that the action of the commutator is Hermitian if Hg is Hermitian
(A HS, = TI"(A Hs, )
=Tr(A'HsB — ATBHg) =
=Tr(A'HsB — HsA'B) =
_ Tr((HSA AHS)TB) _
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- T‘r(([HS7A])TB) —
= ([Hs, A], B) (15.85)

Therefore we can find eigen-operators S;(w) such that
[Hg, Si(w)] = —hwS;(w) (15.86)

and that we can expand

Si=)_ Si(w) (15.87)
In this basis we can write

Hsp(t Z e S (w Z e“tst(w) ® El(t) (15.88)

where in the last equality we used the fact Hgp is Hermitian.

Applying the decomposition in terms of S;(w) for ﬁSE(t —s), and in terms of S;r (W)
for Hg g(t) in the first and third terms, doing the opposite for the second and forth terms;
using the cyclicity of the trace; and some elbow grease we find

h%sz > (e—i(w—w/)tnj(w,zt)[SZ-(W),aS(t),SJT(WI)}Jr

.
w,w,t,7

+ ST ) [510) s3] )] (15.89)

where
2

¢
[ij(w,t) = % / ds e Trp (Ej. () Bi(t — s)ﬁE(t)) (15.90)
0
using the cyclicity of the trace and the fact [pg(0), Hg] = 0 which implies pg(t) = pr(0)
we find
I (w, t) / dse*s TrE ( )ElpE(O)) (15.91)

We will now use our final approximation. We are interested in times much larger than
the time it takes for correlations between the system and environment to die down and also
much larger than the relaxation time of the environment. Both of which are sensible in the
small € regime. But in this limit, unless w = w’ the oscillations will cancel each other. We
will therefore take w = w’ and let ¢ — oo in the definition of I5;(w,t) to write

W28 _ WZ (rij(w) [5:)ps (0. 81()] + Iii(w) [Si(w),ﬁs(t)s;r(w)D (15.92)
where

Iij(w) = % /0 ~ ds e Ty (Ej(s)EipE(O)) (15.93)

which is finally a closed form time-evolution equation for pg.
We can find a more useful formulation of this equation if we decompose I5;(w) into
i

mij(w) = =5 (I (w) = Ij(w)) (15.94)

Yij (@) = Tij(w) + I (w) = % [ " sl Tep (E;(S)EipE(O)) (15.95)
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Removing the hats to go back to the usual Schrodinger picture time dependence we find

haaif = —i[Hg, ps(t)] + Y 7y (@ ( (@)ps(t) S} (w) — ;{s}(w)si(w),ps(t)D (15.96)

w ’L,_]

where
Hs=Hs+ Y mij(w)S](w)Si(w) (15.97)
w,i,]
is the system Hamiltonian, taking into account a change in the system’s energy levels due
to the environment, this last term is sometimes called the Lamb shift.

Finally, the matrix «;; can be diagonalised, allowing us to write

h%if = —i[Hg, ps(t)] + Z ( (t) L (w) — ;{Lj(w)Li(w),ps(t)D (15.98)

which is the Lindblad equation. The operators L; are sometimes called the jump operators,
as we can see they provide a non-unitary jump between energy levels due to the interaction
with the environment. For simplicity we can lump the ¢ and the w dependence into a single
index, a, and write

h%s = —i[H, ps ()] + Z ( apPs(t)Lg — *{LTLa,ps( )}) (15.99)

It was a lot of work but we finally have an equation for the system density matrix in
terms of its Hamiltonian (with some additions due to the environment which nonetheless
keep its unitarity), and the jump operators which are linear combinations of the operators
S; controlling the interaction between the system and the environment.

To see decoherence happening we need to find operators L, that would trigger a mea-
surement like action. Assume we are trying to measure some observable O with eigenvectors
|a). Then the outcome of the measurement should be a density matrix roughly of the form

ps ~ Pula)al (15.100)

we are not going to impose this limit, but we observe that this at least should be a solution.
Said another way, we have no hope of describing a measurement if the above expression
isn’t a solution to the Lindblad equation. In order for that to happen the L, must be linear
combinations of the projection operators |a)a.

Lo = sz la)al (15.101)

This is where the special basis arises, this statement is essentially demanding that L, are
diagonal in the basis provided by |A,). In real life the logic is the opposite, L, are whatever
they are with the interaction between the system and the environment, but we can find
a basis such that (15.101) is true®®. For instance, for local interactions, we will usually
have to work in the position basis. Thereby removing the possibility of observing linear
combinations of |alive) and |dead).

90Tf the L, are Hermitian then this is trivial because we can always diagonalise them. Otherwise it may
be a bit more subtle, it may be that the interactions between the system and the environment are not
going to cause a measurement-like evolution.
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Neglecting the system Hamiltonian for simplicity we can write
Ops _ Sap
BLE =3 Cas(la) (el ps(8) 18) (8] — “2{la)al, ps ()} (15.102)
apf

where
Caﬁ = Z laalaﬁ (15103)

Using the ansatz

ps(t) =Y fap(t)]a) (al p(0) |8) (] (15.104)
aB

with the initial condition f,5(0) =1 we find

dfaﬁ

= Aag fa 15.105
0 8fap ( )
where 1 1
Aap = Cas = 5(Caa + Cpp) = —3 > (oo — lap)? (15.106)
The solution to this equation is of course
fap(t) = ot (15.107)
therefore we can write
ps(t) =Y _ &' |a) (a| p(0) |8) (8] (15.108)
ap

In the generic case where there are no degeneracies and
loa =lag = a=p (15.109)

all the terms with o # § in (15.108) have a negative definite exponent. The only terms
which do not vanish for late times are the diagonal terms giving us

ps(t) = Y la) (al p(0) |a) (al (15.110)

habemus decoherence

It was a lengthy derivation but its length is counterbalanced by its generality and
clarity in the assumptions. We had to assume several things about the dynamics of the
environment, the size of the environment, and the interaction between the system and the
environment. All of these assumptions are physically well motivated but they provide ways
out of decoherence, to allow us to experimentally test when it occurs and doesn’t occur.
We see that for generic measurements, the action of a large thermal-like environment will
be to suppress the non-diagonal terms at late times, in the basis where the interactions
between the system and the environment are diagonal. The end result being a classical
ensemble of non-interacting branches, with probabilities given by the Born rule. We have
provided a dynamical description of measurements, thereby explaining hoe the fundamental
probabilities implied by Gleason’s theorem are realised in nature.
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Afterword

It was a challenging journey through the quantum realm. From our humble beginnings
trying to understand atomic spectra, we stumbled upon a strange world. A world of
probability amplitudes rather than deterministic outcomes. A world where particles and
waves are one and the same, where even fundamental particles with no internal structure
can have a spin angular momentum in a way which is impossible to describe using motion
of its constituents. A world where potential barriers are mere suggestions and particles can
tunnel right through regions where classical conservation of energy would forbid them.

In the end we managed to explain all of the phenomena which troubled us. We ex-
plained the spectrum of hydrogen, including its interaction with radiation. We explained
the origin of spin-1/2 and how it interacts with magnetic fields. And we even managed to
resolve the apparent inconsistencies with quantum mechanics, ruling out the possibility of
a a more fundamental deterministic theory, showing quantum mechanics is local, but prob-
abilistic and that measurements come from complex interactions with a large environment.

And yet, the story of quantum mechanics is far from over. We briefly mentioned
and used symmetries but there is a much richer story to be unfolded there. The story of
parity and time-reversal and how it was shown those are not symmetries of nature. How
discrete translations in a crystal lattice can explain a lot of the phenomena of ordinary
materials. And in the continuum there is much more to be uncovered in the structure of
rotational symmetry, how it can constrain which decays can and can’t happen and its role
in classifying particles. The mathematics of rotation is foundational to the study of other
continuous symmetries like isospin, so crucial in the early days of particle physics.

Sometimes we were also forced to employ approximations. When studying radiation
and when dealing with decoherence we assumed there was a small parameter to expand
in. These are both examples of perturbation theory, crucial in studying many quantum
systems. Beyond that, there are many other methods to approximately solve complicated
quantum setups. From semi-classical methods to adiabatic approximations, there is a lot
of physics to be uncovered near the systems we can solve exactly.

All of this without mentioning the origin of the potential! We just assumed a classical
Coulomb potential for the hydrogen atom, but that comes from Maxwell’s equations. A
complete quantum theory should also include a quantum version of electrodynamics and
a theory of the photon. That path leads inevitably to relativity and quantum field theory
which are the underpinnings of our current best understanding of fundamental physics.

There is a long way to go still but you now have the tools to understand the true
language of Nature—Quantum Mechanics.
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Appendix A. Proof of the spectral
theorem

A Proof of the spectral theorem Appendix B. Proof of Wigner's

theorem

Theorem A.1 (Spectral Theorem). A linear operator N on a finite dimensional Hilbert
space is normal iff there exists an orthonormal basis of its eigenvectors.

Proof. For simplicity we will omit the square brackets from the matrix notation.
To distinguish between the operator and the matrix representation in a given basis
we will merely use a superscript identifying the basis.

Firstly, if there is a unitary basis of eigenvectors |);), then, in that basis, the operator
N is diagonal, because

A
MNININ) = Nd; = N = A2 Al
J J

And therefore
N® = §UAN*Gart (A.2)

that is, there is a unitary change of basis such that the matrix representing the
operator is diagonal. We usually say that the operator is wnitarily diagonalisable.
Conversely, if there is such a basis, then well the basis elements are orthonormal and
all eigenvectors. Therefore having an orthonormal basis of eigenvectors is equivalent
to being unitarily diagonalisable.

Let us first assume that N has an orthonormal basis of eigenvectors, we therefore
have

N® = GUANAGart (A.3)
Nt = §ar NATgart (A.4)

where N* is a diagonal matrix. Using the fact S% is unitary, we have

[Na,NaT] _ Sa)\N)\N)\TSaAT _Sa)\N)\TN)\Sa)\T (A5)
= SN, NAT]S*A =0 (A.6)

where the last equality follows from the fact all diagonal matrices commute. We have
therefore shown that if a matrix has an orthonormal basis of eigenvectors it must be
normal.

Showing the converse is a bit trickier, but we will proceed from induction. Firstly,
note that this statement is trivial for a 1-dim Hilbert space. Now we shall assume it
holds for an (n — 1)-dim Hilbert space and show it must hold for an n-dim Hilbert
space.

Firstly, we know that N has at least one eigenvector. This is because

NIA) = A[A) = det(N — AL) =0 (A7)
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The latter equation is a polynomial of degree n so the fundamental theorem of algebra
states that it has at least one solution, which means N has at least one eigenvalue.
We can also show that |)\) is also an eigenvector of NT but with eigenvalue A\*. Just

consider the vector
jw) = (NT = A1) [A) (A.8)

it is straightforward to show that its norm vanishes

lwll = ALV = AL (NT = A"1) [3) (A-9)
= (A (Nt =X 1)(N = A1) [A) =0 (A.10)

where in going to the last line we used the fact N was normal to swap the order of
N and NT. All in all we must have

lw) =0 = NT|\) = 2" |)\) (A.11)

which is what we wanted to show.
Now let us consider a different orthornomal basis {|b;)} such that |b;) = [A). We can
then define the following operator

U, = Z |bi)a (A.12)

such that
Uplar) = [b1) = |N) (A.13)
Uf |3 = Uf [b) = |ar) (A14)

Importantly, this operator is unitary

U] = [b) (ailag) (6] = D [ba)bi| = 1 (A.15)
ij 7
We will also need the following operator
N, = U/NU; (A.16)
which obeys
Ny |ay) = UINUy Jaq) = UIN|A) = Aas) (A.17)
and is normal
[Nl, N} } — U/ NU\UIN'U, — UINtUUT N, (A.18)
= U/NN'U, - U/NTNU, = U] [N,NT]U, = 0 (A.19)

where in the last line we used the fact that N is normal.
Because N; is also normal, |a;) is also an eigenvector of NJ but with eigenvalue A}
Using this fact and the orthonormality of the basis {|a;)} we get

(aj| N1la1) = A1 (ajlar) = Aidy; (A.20)
(a1| N1 laj) = {aj| N{ lar)* = A1dy; (A.21)
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which means we can write

No = (A.22)

The submatrix N’ is (n — 1) x (n — 1). And we can show that if Ny is normal then
so is N'.

A O--0\ [AT0 -0 A0 - 0\ (A 020
0 0 0 0
[N{, N§t] = - =
e LN NGl NG LN
0 0 0 0
(A.23)

00 0
0

= =0 (A.24)

[N, N'T]

0

Therefore, by our induction hypothesis we have that N’ can be unitarily diagonalis-
able. Calling S’ the matrix that diagonalises N’,

S'TN'S" =D’ (A.25)
one can check that the matrix
10---0
S=1. ) (A.26)
S
0
is unitary.
10 0\ /10 ---0 10 0
0 0 0
SSt=1 . ) =1. =1 (A.27)
Y U U
0 0 0
Additionally we have that
A O0---0
0
Stnes = | (A.28)
D
0
which is diagonal. Therefore
(UsS) N (U S) (A.29)

is diagonal which means NV is unitarily diagonalisable, which concludes our proof. [
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B Proof of Wigner's theorem

Theorem B.1 (Wigner's theorem). Any invertible transformation of the kets in a
Hilbert space |)) — [¢') which leaves the transition probabilities |(x|¢)|* invariant
can be represented by an operator which is either:

o Linear and unitary. That is one which obeys U(a |1)) +b|x)) = aU |¢) + bU |x)
and (U |4),U |x)) = (I¢), [x))-

o Anti-linear and anti-unitary. That is one which obeys Ul(a ) + blx)) =
a*U [¢) +b*U |x) and (U ), U [x)) = (1), [x))"

Proof.  Let {]i)} be an orthonormal basis for the Hilbert space, we will begin
this proof by showing that the set of the transformed basis kets {|i')} is also an
orthonormal basis.

From the assumption that probabilities are preserved we have

1157 =[Gl = 6y (B.1)

But, from the positivity of the norm we know that (i'|¢') must be real and non-
negative, so the above relationship actually fixes its value as 1. This allows us to
write

(i'5") = di (B.2)

From the fact that there are n transformed kets and that they are linearly indepen-
dent, we immediately conclude that {|i')} is an orthonormal basis if the Hilbert space
is finite dimensional. However, we can use the fact the transformation is assumed to
be invertible to show that same fact without relying on finite dimensionality.

Let us assume there is a non-zero |¢)') orthogonal to all {|i’) }. Now consider its inverse
transformed ket |¢)""), this obeys

Gl = (@ ") =0 (B.3)

but {|i)} is an orthonormal basis of the Hilbert space, so the above result implies
|¢)"") is the zero vector, which then necessarily implies that [¢)) is the zero-vector to
ensure |(¢'|x’)|> = 0 for any |y). This contradicts our initial assumption and so we
must have that {|¢’)} is an orthonormal basis of the Hilbert space.

As with physical states there is a fundamental arbitrariness in the phases of the trans-
formed kets because multiplication by a phase would leave invariant the transition
probabilities. So we will now set up a phase convention to help us in the remainder
of our proof.

Let us pick one basis element, say |1) and construct the following kets

N 1
|nz>_ﬁ

The transformed kets can be expanded in the transformed basis

) =3 el (.5)

(1) +12)) (B.4)
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From the invariance of the transition of probabilities we conclude that

2 1

jear* = (V) * = [(Ln)|* = 3 (B.6)
, _ 1

Jeal® = [ [0 = I(ilma)|* = 5 (B.7)

e = 1G5/ I = 1G> =0 if j# 1,6 (B.8)

For any ¢ we can shift the phases of the two kets |n;) and |i’) to ensure both coefficients
c;; and ¢;1 are real and positive. We can then write, without loss of generality

N1
|77i>—\7@

Now comes the key step in the proof. We have defined the transformation for the |7;)

(1) + 1) (B.9)

in terms of the transformation of the basis, but we have not done that for arbitrary
kets [¢"). This is our current goal. Let us take an arbitrary ket

W) =>cili) (B.10)
the transformed ket can be written as an expansion of the transformed basis
W) = ¢l) (B.11)

but the coefficients may be different. If the coefficients were the same then we knew
the transformation was linear, but we will see that there is a way around this. Using
the invariance of the transition probabilities we have

17 = ('[9 = [(i[9)]* = |eil? (B.12)

but we can also use the overlaps with |7;)

2_1 2
i = 5|Cc1 + ¢
{|<n Wil =l el o = e+ el (B.13)

|| = 3leq + il

Taking the ratio of (B.13) and (B.12) we get

c ch
‘1+1 ‘1+}
Ck C.
a ¢ | el AT
I+ =+ =+ =1+t +70+ 5 (B.14)
Ck Cp ekl G el

Re{Z} = Re{z;t} (B.15)
Im{z} = ilm{i} (B.16)
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In order to satisfy these two constraints we only have two options, either

C1 &1

S B.17
ck ( )

or N ,
% - %} (B.18)

k k

The first option will turn out to correspond to linear and unitary operators, whereas
the second to anti-linear and anti-unitary operators. It is the fact that probabilities
are mod-square of amplitudes that allow for these two options. This is the crux of
the proof, the rest is just some bookkeeping to ensure we must take the same option
for every component and for every ket.

First we need to show that we cannot have (B.27) for some components and (B.28)
for others. Let us assume that

SO

Ci

c
= = B.19
a4 ( )
but that
c
== (B.20)
G S

for some i # 1, j # 1 and 7 # j. If any of those ratios were real then the two cases
would be indistinguishable. In order to check whether or not we are allowed to make
different choices for different components let us assume both ratios are complex.

Consider the ket 1

V3

because these coefficients are real, it doesn’t matter which option we pick, the ratios

[ (1) +12) + 1)) (B.21)

between the components of the transformed ket must be the same as before, we must

therefore have
«

V3
where |a| = 1. Matching |(¢|1)|? with |[(¢/|¢')|* gives us

|4") (1) + 1)+ 15) (B.22)

o ol d c
P+z+] _P+}+f (B.23)
1 A
using our assumptions regarding the ratios gives us
¢ ol o
’1+’+J —'1+’+1 (B.24)
C1 C1 C1 1

expanding this out then allows to write

ciCs L Ci
Re{ 1} - Re{”f} (B.25)
C1¢q C1C1

once again we can expand this by isolating each ratio and write

Im{Z}Im{z} =0 (B.26)

which implies that one of the two ratios is real, and is a contradiction! If we try

to make a different choice for different components it turns out that it can only be
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consistent if one of those ratios is secretly real, for whom the choices are equivalent
and so we actually didn’t make different choices at all. This means that we either

) = Zci i) — [¢') = Zci li') (B.27)

have

or
W) =D eili) = [v") Zc i) (B.28)
i
The only thing we have left is to show that you must make the same choice for all
kets. For that we will need to consider three distinct kets.

= Zai 0, o= Zbi i) and [¢) = Zci i) (B.29)

and let us take (B.27) to apply to |¢) and (B.28) to apply to |x). Once again we need
to ensure that these two really are distinct options, so we must assume that not all a;
and not all b; have the same phase, because otherwise they’d be a phase away from
being real and then both options would be the same.
The invariance of the transition probabilities gives us

[(x|#)]? Zb a;| =16 Zbal (B.30)
expanding this out gives
> braibjal = babial <=
—=> aia:’z Im{b;b}} = 0”=>
= Zlml{Jaiaj}Im{bib;} =0 (B.31)

ij
This relation is nice and symmetrical, giving a consistency condition for two kets
having different choices between (B.27) and (B.28). Additionally, it is a non-trivial
consistency condition if not all a; and not all b; have the same phase, which is precisely
what we ruled out earlier.

Now if we add the third ket [¢)) it either obeys (B.27) or (B.28), and therefore it must
be different choice to at least one of |¢) or |x), which would mean it must obey either

> Im{cic; } Im{bb;} =0 (B.32)
ij
or
Zlm{cic;}lm{aia;} =0 (B.33)
ij

However, we can show that we can always find a ket such that neither of those two
relations are valid.

If there is a pair 4, j such that both a;aj}
all cs to vanish except for ¢; and c¢; and pick those two to have different phases. If

and b;b} are not real, then we can just choose

a;aj isn’t real but b;b7 is, then there must be some pair k, [ such that bybj is complex
(remember that we cannot have them all be real). If aga; is also complex then we

can pick all ¢s to vanish except ¢ and ¢; and pick those two to have different phases.
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If araj is real then we must pick all cs to vanish except c;, ¢j, cx, and ¢; and pick
different phases for all of them.

Allin all, we can always find a ket |¢) that would break the necessary consistency con-
ditions. Therefore, we must conclude that we cannot have different choices between
(B.27) and (B.28) for different kets.

Our proof is essentially done. Let us denote the action of this transformation by

W) =Ul) (B.34)

Then if we pick (B.27) we have

Ulaly) +81x) = UZ (cva; + Bb;) |i) = Z (a; + Bb)U |i) =

K2

= aUy) + pU |x) (B.35)

which means it is linear. Using the fact the transformed basis is orthonormal we can
also show that

Uly),Ulx) = Zafbj(Uli%U 9)) = Zafbj = (), 1) (B.36)

which means it is unitary.
On the other hand, if we pick (B.28) we have

Ulalg)+B1x) = U (aai+Bbi) i) = 3 (a"a} + 50U |i) =
=" U [y) + 58U |x) (B:37)

which means it is anti-linear. And also

U1 UR0) = Y ab U ), Ul0) = Y ab; = (), 00) (B3

which means it is anti-unitary. O
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